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Introduction

In the LST-coupling scheme of a spherical shell model, let {al, o.-, w07}
be a set of (valence) nucleon creation and annihilation operators, where
w=1,2,---,Q=>,(2/+ 1) is the spatial indices, o and 7 are spin and
isospin index, respectively. It is well known that the total number of
many-particle product states N; provided by {ﬂ;JO) = Hfle aLI.,g,,T,.|O>},
where |0) is the (valence) nucleon vacuum state, and

¢k = {w1,01,71,"* ,wk, Ok, Tk} stands for all sub-indices involved, is
given by
40
_ (4Q)! 40
Ne = ;ZB KI(4Q — k)1

The set of operators {Q¢k’¢;(/ = I'Il'skl'lqyk,, 1 < k, k' < 4Q} generates the

unitary group U(2*?). The set of the many-particle product (Fock) states
{I'I;l|0>, . ,I'I(LQ\O)} spans the fundamental irrep [1,0,-- -, 0] of U(2*?).
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Introduction

A subset of {I'I;r)k, My, } with k =1,2 and Hyy = I'I:;ll'ld,/1 generate the
O(8Q + 1) group. And U(2*?) > O(8Q + 1) with the branching rule
[1,0,---,0] ) (%, ,2) where (%, , 2) with 4Q components to be 3 5
is a spinor representation of O(8Q + 1). The largest nontrivial subgroup of

O(8Q2 + 1) is O(8Q) generated by {I'I;z, Mg,, Hye } with the branching
rule:

)
1 1 1 1 1
5 2:2) D (35, —32)

~[0(8) D U(4) D SUs(2) ® SUT(2)] @ [0(£2) D O(3)]
0(8Q) — O7(5) @ (U(2Q) D Sp(2Q) D 04(3))
MU(4Q) D [U(4) D SUs(2) @ SUT(2)] @ [U(R) D 0(Q) D 0.(3)].
[ M. Moshinsky and C. Quesne, PLB 29, 482 (1969);

B. R. Judd and J. P. Elliott, Topics in Atomic and Nuclear Theory, 1970;
V. K. B. Kota, J. A. Castilho Alcards, NPA 764, 181 (2006) ]
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Canonical and non-canonical bases of O7(5)

The generators of O7(5) can be expressed by linear combinations of a set
of operators {Ejj} (1 < i,j < 4) satisfying

[Ej, En]=6jEw — 0wk, (Ej)' = Ej.
In the SUA(2) ® SU,(2) basis, the generators of O7(5) may be expressed as
vy = Eno,v_ = B, = 5(E11 — Ex),

1
Ty = B34, 7- = Es3, 10 = 5(E33 — Esa),

[ K. T. Hecht, NP 63, 214 (1965);
R.T. Sharp and S.C. Pieper, JMP 9, 663 (1968);
N. Kemmer, D.L. Pursey, and S.A. Williams, JMP_9, 1224 (1968). |
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Canonical and non-canonical bases of O7(5)

After a linear transformation, the generators of O7(5) in the
O7(5) D O7(3) x Opr(2) basis may be expressed as

Al =Ep=vy, Al =Ey=1,,
A1 E21—I/_, A_1:E43:T_,

, Ao = \/%(EM + Ex3) = —U_%_%;
11 T_=E3; —Ex= —\ﬁU_%%,
To= $(E11 — Ex» — Es3+ Ega) = vo — 10,

N = L(E11 — Exo + Es33 — Eaa) = o + 7o,

where {T+7 T_, To} generate the subgroup O7(3), and A generates the

On(2). N =3 —Q, where Q = }7.(j +1/2), in which the sum runs over
all single- partlcle orbits considered, and f is the total number operator of
valence nucleons. [ K. T. Hecht, Nucl. Phys. 63, 214 (1965);

R.P. Hemenger and K.T. Hecht, NPA 145, 468 (1970);

K. Ahmed and R.T. Sharp, JMP 11, 1112 (1970);

K. T. Hecht, NPA 493, 29 (1989) |
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Basis vectors of O7(5) D O7(3) ® On(2)

A basis vector of O7(5) D SUA(2) ® SU,(2) is also an eigenstate of Ty
and N with eigenvalues

Mr=mpn—m;, N =mp+ my. (1)

For a given irrep (v1, v2) of O(5), all possible basis vectors of

O(5) D SUA(2) ® SU(2) D Un(1) ® Uj(1) restricted by the conditions (1)
form a complete set for the fixed M+ and N. Thus, the basis vectors of
O(5) D O7(3) ® On(2) can be expanded in terms of them with the
restriction on the quantum numbers

1 1
mp = §(N+ Mr), m = 5(/\/’— Mr).
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Basis vectors of O7(5) D O7(3) ® On(2)

For fixed A" and M+ > 0, the following basis vectors are all possible within

the O(5) irrep (v1, v2):
(v1, v2)
A, / > (2)
)

WV +Mr), 3N - M7
with the restrictions:

SN+ M <A< 3(vi+w), 3N =Mr[<I<i(vi-w). (3)
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Basis vectors of O7(5) D O7(3) ® On(2)

Hence, the basis vectors of O(5) D O7(3) ® Oar(2) may be expanded in
terms of O(5) D SUA(2) ® SU,(2) as

(vi, v2)

vi—Vo Min[v1+vzqu\./\/’+T|, 2V2]
T )

=D 2. chid X

q=0 p=Max[0, g—vi+vo+|N—T|]

(v1,v2)
AN=3(v+vu—p—q), I=3(n—v2+p—q) >,
TN+ T), TN -=T)

which must satisfy
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Basis vectors of O7(5) D O7(3) ® On(2)

which leads to the following four-term relation to determine the expansion

coefficients {c'%)}:[ NPA 974 (2018) 86 |

(&) 1(71)2Nf2q+2v1 {(1+Q)(2‘/1fq+2)(V1+V2fq+1)(
P+

1
v1+v2*P*q+T+.N’+1)(v17v2+T—/\/‘+P*q+1)(v17v27q)} 2
(vi+va—p—g)(vi —v2+p—q) 1
+c© (—1)a+2+N—p=a+T [(1+p)(2V2 —P)(vi+v2—p+1)(vi+vo+ T+N —p—q+1)(vy —vo+p+2)(vy —vp — T+N+p—q+1)] 2
p+l,q (v1+va—p—a)(vi —vo+tp—q+2) L
+c© (—1)1—v2tN+p—q=T [P(2v2—P+1)(v1+v2—P+2)(v1+v2—T—N—p—q+1)(v1—v2+p+1)(v1 —v2+T—N+p—q+1)} 2
p—1,q (v1+vo —p—q+2)(v; —vo+p—q) f
Q9] [47(2V1—q+3)(V1+V2—q+2)(V1+V2—T—N—p—q+1)(\/1—Vz—T+N+p—q+1)(V1 —Vz—q+1)] 2 _g
P.a—1 (v1+va—p—q+2)(vy —va+p—a+2) -

P((v1, v2), N, T)c®) = Ac©),
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Basis vectors of O7(5) D O7(3) ® On(2)

P((V17 V2)7N, T)C(C) = AC(C)’ (4)

Once the matrix P((vi, v2), N, T) is constructed, it can be verified that
the number of A = 0 solutions of Eq. (4) equals exactly to the number of
rows of P((v1, v2), N, T) with all entries zero.

The eigenvectors c(©) belong to the null space of P((vy, v2), N, T).

Since there are many ways currently available to find null-space vectors of
a matrix, to find solutions of Eq. (4) with A = 0 becomes practically easy.
o

Non-orthogonality

The projection matrix P((vy, v2), N, T) is nonsymmetric. The basis
vectors are also non-orthogonal with respect to the multiplicity label ¢.
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Basis vectors of O7(5) D O7(3) ® On(2)

Computing time and memory requirements.

It can be observed tat the maximal number of terms occurs in T =N =0
case. In such extreme case, the upper bound of the number of terms
involved in the expansion can be estimated by

vi—vs, Min[vi+wva—q, 2v2]

dN=0,T=0)< > > 1=14vi—w)2wn+1), (5)

q=0 p=Max[0, g—vi+vs]

which shows that Max[d(N, T)] < d(NM =0, T = 0) increases with v;
linearly and with v» quadratically.
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Matrix representations of Or(5) D O7(3) ® On(2)

Using the Wigner-Eckart theorem, we have

A+

1

(vi, v2) At (vi, v
¢ TWN+1 CT.N /-

(V17V2)
< CT+ILNA+1 HA+

< (vi, )
C/ T/ M{I_’N/

() ) 3 A 1,7 1)

AN, TV (itva—p—a-N-T)m+v—p-—q+N+ T+2).
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Applications to the isovector pairing model

The isovector pairing interaction Hamiltonian may be written as

H=> e — GAL AL — Gr A Ao — GAT Ay, (6)

J

which can be diagonalized in the @%_; O;(5) subspace, where p is the
number of j-orbits.

,,,,,,,,,,,,,,,,,,,

The parameter rectangle of the isovector pairing Hamiltonian.
SUA(2) @ SU,(2) : Richardson-Gaudin;
O7(3) : F. Pan, and J. P. Draayer, PRC 66, 044314 (2002);
J. Dukelsky et al, PRL 96, 072503 (2006)
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Extended model within the seniority-zero symmetric

subspace

Let |p) be the orthonormalized basis vectors of O(5) D O7(3) ® Oar(2),
p = {(w1,w2) BN T Mr; n}, where (w1,w2) = (Q — v/2, t) is an irrep of
O(5) from the Kronecker product of p copies of O(5) irreps

®F_1(wi,i, wa,j) of OL(5) @ -+ ® Op(5) L O(5) ,
Q=>3"% Qi =>,0i+1/2), v is the total seniority number, t is the
reduced isospin of unpaired nucleons, 3 is the branching-multiplicity label
needed in the O(5) | O1(3) ® Onr(2) reduction, T and Mt are quantum
number of total isospin and that of its projection, respectively,
N = Q— N/2 with N being the total number of nucleons, and 7 stands for
a set of other quantum numbers related to the total angular momentum.
{|p)} is a complete set of basis vectors needed in the

O(5) D 07(3) ® On(2) basis.
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Extended model within the seniority-zero symmetric

subspace

Asp =G Y ALA, = E’|p){pl,
M P

which may be projected into the seniority-zero (symmetric) subspace:

Hsp = Py,—o Asp P,—o,
where

Pio= Y_ [(Q 0N TMr){(Q 0)N T Mr|

N T My
is a projection operator. The above Hamiltonian can be expressed as

Fsp= 3, E®ONT 3y BTN

nT Mt P1 :“':vaﬁl:"':ﬁ

n n; — n/O
FPlTA,/IPZH n:EI' '(I'I\(/]I)T [AT(J)]HK ) [A(_/ )].
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Extended model within the seniority-zero symmetric

subspace

1
(n0) 2THMT QT+ THMP)(T—M)IT!] 2
Zru [AT] = [ ((n T)l)v(r$+T+1T))uE2T)! e x

toat 12\ "2 U(T+M7)/2]
(2A1 Afl _AO > Zx Maxfo Mr] 2Y(y MT) y(T+Mr—=2y)l

t tT+Mr =2y ,fy—M
AlVAy TITTE AT

1

“1_ [ 220D (ns TY/2)12041-nt T | 2
KL= , (7)

n QIO+
[ K. T. Hecht, NPA 493, 29 (1989) | and
FrlMr = (1, ppl(Q, Q)N T My) (8)

is the O(5) D (O7(3) D O7(2)) ® On(2) multi-coupling coefficient.
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Extended model within the seniority-zero symmetric

subspace

FnTMr _ K;% < (m,0) - (np, 0) ‘ (n, 0) >

prmope PoKENTiMry - T, My
1

Kn L n0
p—}yl o124, bGNZE0 10

i=1 i Ti i=1

;0 0
= =5 (0] H Z0) 28 o),
I 1 n; T;
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Extended model within the seniority-zero symmetric

subspace

A spherical mean-field plus the extended pairing Hamiltonian

P
Xt — ZE_].,‘ IVJ',' + HSP7 (9)
i=1
where ¢, (i =1,2,---,p) are single-particle energies generated from any

mean-field, is exactly solvable within the seniority-zero symmetric
subspace, namely, with v; =0 V i. The eigenstate may be written as

FnTMT
_ P
|<n T?NTMT> - th “5Pp 22’ 1;’"’ r(,C7"1T) X
n/O
b Ko, 20 AT 0), (10)
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Extended model within the seniority-zero symmetric

subspace

The eigenvalue E,EC;-T) is determined by

Gext
2

1— 22 (n(2Q+3 —n) — T(T +1)) x

T Mr 2
P1,5Pp

250 e — ET)

2.

P15 5Pp

=0 for n#0. (11)

and Eé%o’ozl) =0 for n=0.
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Extended model within the seniority-zero symmetric
subspace

We use this model to estimate np-pairing contribution in even-even N ~ Z
nuclei suitably to be described in the f5pgo-shell outside the %6Ni core with
the single-particle energies given in [M. Honma et al, PRC 80, 064323
(2009)]. For even-even N ~ Z nuclei, the average np-interaction energy
defined as [J.-Y. Zhang, R. F. Casten, and D. S. Brenner, PLB 227,1
(1989)]:

SVE(A = Z + N) = VES(Z, N) =
L(B(Z, N)+ B(Z -2, N —2)—
B(Z, N —2)— B(Z -2, N)), (12)

where B(Z, N) is the binding energy of the even-even nucleus.

F. Pan (LNNU, Dalian, China) NTSE-2018, Oct. 29-Nov. 2, 2018 Daejeon, Korea 21 /27



Extended model within the seniority-zero symmetric
subspace

Since 5°Ni is taken to be the core, the binding energy of a nucleus
considered is defined as

B(28 + Ny, 28 + N,) = B(28, 28) + E(28, 28) —
Ec(28 + Ny, 28+ N,) — Egym(28 + Ny, 28 + N,) +

o
(N + No)Eo = Eqri i, 2

where Eg = 7.5MeV, Ec(Z, N) = 0.7173 &1 (1 — 7-2/3) MeV and

29.2876
A

2- ||  1.4492

ESYm(Z7 N) = 2+ |I|A - A1/3

IN - Z|*(1 +

) MeV

with | = |N — Z|/A. [ N. Wang, M. Liu, X. Wu, PRC 81, 059902 (2010) |

v
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Extended model within the seniority-zero symmetric
subspace

145
1.4

Vo 135 *
1.3

1.25

60 64 68 72 76 80

d Vs values (in MeV) derived from binding energies of even-even N = Z
and N = Z £ 2 nuclei with mass number A =60 + 4k for k =0,1,--- 5.

[ F. Pan, X. Ding, K.D. Launey, L. Dai, J.P. Draayer, PLB 780(2018) 1 ]

F. Pan (LNNU, Dalian, China) NTSE-2018, Oct. 29-Nov. 2, 2018 Daejeon, Korea 23 /27



Extended model within the seniority-zero symmetric
subspace

3.0
2.5
2.0
Gext 15
1.0 .
0.5
0.0
60 65 70 75 80
A

Figure: The extended isovector pairing interaction strength Geyt (in MeV) fitted
by a quadratic function of the mass number A for A = 58-80, from which we get
Goxy = 4.262 — 0.1308A + 0.0013A% MeV (solid line).
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Summary

A simple and effective angular momentum projection to construct

basis vectors of O7(5) D O7(3) ® SOx(2) from the canonical basis
vectors of O7(5) D SUA(2) ® SU,(2) is outlined.

The expansion coefficients can be obtained as components of the

null-space vectors of a projection matrix, of which there are only four
nonzero elements in each row.

Formulae for evaluating Matrix elements of O7(5) generators in the
O7(5) D 07(3) ® SOx/(2) basis are explicitly given.
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Summary

The null-space vectors are also non-orthogonal. The Gram-Schmidt
orthonormalization is needed.

An extended pairing Hamiltonian that describes multi-pair
interactions among isospin T = 1 and angular momentum J =0
neutron-neutron, proton-proton, and neutron-proton pairs in a
spherical mean field, such as the spherical shell model, is proposed

based on the standard T = 1 pairing formalism.

As an example of the application, the average neutron-proton
interaction in even-even N ~ Z nuclei that can be suitably described
in the fspgy shell is estimated in the present model, with a focus on
the role of np-pairing correlations.
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O7(5) D O7(3) ® Onr(2) basis may be adopted in diagonalizing the
T=1 Hamiltonian with isospin symmetry breaking.

The new angular momentum projection method may be used to built
basis vectors of the Wigner U(4) group in U(4) D SUs(2) ® SUT(2)
basis by using the canonical U(4) basis vectors.
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