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Motivation

• Develop  methods in continuous nonperturbative QCD in 

Minkowski space-time 

• Solve the Bethe-Salpeter bound state equation 2 & 3 bodies

• Observables: spectrum, SL/TL  momentum region

• Relation BSA to LF Fock-space expansion of the hadron wf

• Inversion Problem: EuclideanàMinkowski

Applications: 

parton distributions (pdfs); generalized parton distributions; 
transverse momentum distributions (TMDs); 

Fragmentation functions; TL form factors ….
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TMDs  &  PDFs 
FSI gluon exchange: T-odd

Bethe-Salpeter
Amplitude @ x+=0 

q+ = q0+q3 q
-

= q0-q3

q2 = q+q- - q2
T

q- →infty   

DIS 

TF & Miller PRD 50 (1994)210
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Beyond the valence ….

Population of lower x, due to the gluon radiation!
(LF initial state interaction)

Sales, TF, Carlson,Sauer, PRC 63, 064003 (2001)

Marinho, TF, Pace,Salme,Sauer,  PRD 77, 116010 (2008)

 

+ +

+ ....
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Bethe-Salpeter Amplitude àLight-Front WF (LFWF) 

• basic ingredient in PDFs, GPDs and TMDs



Reminder…
Bethe-Salpeter Bound-State Equation

(2 bosons)
!(k, p) = G

(12)
0 (k, p)

∫

d4k′

(2π)4
iK (k,k′; p)!(k′, p) ,

G
(12)
0 (k, p) =

i
[

(p/2 + k)2 −m2 + iϵ
]

i
[

(p/2− k)2 −m2 + iϵ
]

+ +

+ + + . . .

Kernel: sum 2PI diagrams

• Valence LF wave function à BSA ?

• Valenceà full Fock Space w-f ?



Quasi-potential approach to LF projection:

Expressing the BSE in the LF

Ladder approx.
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“Parametric representation for any Feynman diagram for interacting

bosons, with a denominator carrying the overall analytical behavior

in Minkowski space” [Nakanishi PR130(1963)1230]

Kusaka and Williams, PRD 51 (1995) 7026;

Light-front projection: integration in k-

Carbonell&Karmanov EPJA27(2006)1;EPJA27(2006)11;

TF, Salme, Viviani PRD85(2012)036009;PRD89(2014) 016010,EPJC75(2015)398

(application to scattering)

Bethe-Salpeter amplitude

BSE in Minkowski space with NIR for   bosons 

Main Tool: Nakanishi Integral Representation (NIR)



& NAKANISHI INTEGRAL REPRESENTATION

Carbonell&Karmanov EPJA27(2006)1
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Generalized Stietjes transform and the LF  valence wave function 

Jaume Carbonell, TF, Vladimir Karmanov PLB769 (2017) 418

• UNIQUENESS OF THE NAKANISHI REPRESENTATION (NON-PERTURBATIVE )

• PHENOMENOLOGICAL APPLICATIONS from  the valence wf → BSA! 



Solution Method of the Bethe-Salpeter eq.: 
Carbonell&Karmanov EPJA27(2006)1;EPJA27(2006)11

Φ(k , p) = G0(k , p)
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0;2).

with V LF
b

(γ, z ; γ0, z 0) determined by the irreducible kernel I(k , k 0, p) !

UNIQUENESS OF THE NAKANISHI WEIGHT FUNCTION?

PERTURBATIVE PROOF BY NAKANISHI.

NON-PERTURBATIVE PROOF? Inverse Stieltjes: Int. Eq. in the normal form.
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Light-front valence wave function L+XL

Large momentum behavior 

Gigante, Nogueira, Ydrefors, Gutierrez, Karmanov, TF, PRD95(2017)056012.
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131



Rotation in Complex Plane

-4 -3 -2 -1 0 1 2 3 4

k
0
/m

0

Γ
(k

0
, 

k
v
)

Re[Γ] (Wick rot)

Im[Γ] (Wick rot)

Re[Γ] (Nakanishi)

Im[Γ] (Nakanishi)

α = 5.48, µ/m = 0.2, B/m = 1.0, θ = π/16, k
v
/m = 0.067

Γ(k;P ) = ıg2
Z

d4k0

(2⇡)4
Γ(k0;P )

((k − k0)2 − µ2 + i✏)

×

1

(( 1
2
P + k0)2 −m2 + i✏)(( 1

2
P − k0)2 −m2 + i✏)

(10)

k0 → k0 exp ı θ
<latexit sha1_base64="eqhBXY5Ft+gPxmIhNNN5l8SYThU=">AAACBXicbVA9SwNBEJ3zM8avqKUpDoNgIeHORsugjWUC5gNyIextJsmSvQ9258QQ0tj4V2wsFBE7/4OdnT/FvSSFJj5Y9vHeDDPz/FgKTY7zZS0tr6yurWc2sptb2zu7ub39mo4SxbHKIxmphs80ShFilQRJbMQKWeBLrPuDq9Sv36LSIgpvaBhjK2C9UHQFZ2Skdi4/aDseRXb64V3siYBR3zv1qI/E2rmCU3QmsBeJOyOFUv698g0A5Xbu0+tEPAkwJC6Z1k3Xiak1YooElzjOeonGmPEB62HT0JAFqFujyRVj+9goHbsbKfNCsifq744RC7QeBr6pTJfU814q/uc1E+petEYijBPCkE8HdRNpm7PTSOyOUMhJDg1hXAmzq837TDFOJrisCcGdP3mR1M6KrlN0KyaNS5giA4dwBCfgwjmU4BrKUAUO9/AIz/BiPVhP1qv1Ni1dsmY9B/AH1scP6ZqaaQ==</latexit><latexit sha1_base64="WCtEvyIy1x77VnKxxg+uwYWt+vI=">AAACBXicbVDLSgNBEJyNrxhfUY8GWQyCBwm7XvQY9OIxAfOAbFhmJ73JkNkHM71iCLkI4q948aCI5OY/ePMb/Alnkxw0sWCYoqqb7i4vFlyhZX0ZmaXlldW17HpuY3Nreye/u1dXUSIZ1FgkItn0qALBQ6ghRwHNWAINPAENr3+V+o1bkIpH4Q0OYmgHtBtynzOKWnLzhb5rORiZ6Qd3scMDij3n1MEeIHXzRatkTWAuEntGiuXCuPr9cDiuuPlPpxOxJIAQmaBKtWwrxvaQSuRMwCjnJApiyvq0Cy1NQxqAag8nV4zMY610TD+S+oVoTtTfHUMaKDUIPF2ZLqnmvVT8z2sl6F+0hzyME4SQTQf5iTD12WkkZodLYCgGmlAmud7VZD0qKUMdXE6HYM+fvEjqZyXbKtlVncYlmSJLDsgROSE2OSdlck0qpEYYuSdP5IW8Go/Gs/FmvE9LM8asZ5/8gfHxA8ffm88=</latexit><latexit sha1_base64="WCtEvyIy1x77VnKxxg+uwYWt+vI=">AAACBXicbVDLSgNBEJyNrxhfUY8GWQyCBwm7XvQY9OIxAfOAbFhmJ73JkNkHM71iCLkI4q948aCI5OY/ePMb/Alnkxw0sWCYoqqb7i4vFlyhZX0ZmaXlldW17HpuY3Nreye/u1dXUSIZ1FgkItn0qALBQ6ghRwHNWAINPAENr3+V+o1bkIpH4Q0OYmgHtBtynzOKWnLzhb5rORiZ6Qd3scMDij3n1MEeIHXzRatkTWAuEntGiuXCuPr9cDiuuPlPpxOxJIAQmaBKtWwrxvaQSuRMwCjnJApiyvq0Cy1NQxqAag8nV4zMY610TD+S+oVoTtTfHUMaKDUIPF2ZLqnmvVT8z2sl6F+0hzyME4SQTQf5iTD12WkkZodLYCgGmlAmud7VZD0qKUMdXE6HYM+fvEjqZyXbKtlVncYlmSJLDsgROSE2OSdlck0qpEYYuSdP5IW8Go/Gs/FmvE9LM8asZ5/8gfHxA8ffm88=</latexit><latexit sha1_base64="uW/DUL5q2yXP4ZZf6+7hwwZ5YjI=">AAACBXicbVC7TsNAEDyHVwgvAyUUFhESBYpsGigjaCiDRBKk2LLOl3VyyvmhuzUistLQ8Cs0FCBEyz/Q8TecExeQMNLpRjO72t0JUsEV2va3UVlaXlldq67XNja3tnfM3b2OSjLJoM0Skci7gCoQPIY2chRwl0qgUSCgG4yuCr97D1LxJL7FcQpeRAcxDzmjqCXfPBz5touJVXzwkLo8ojh0T10cAlLfrNsNewprkTglqZMSLd/8cvsJyyKIkQmqVM+xU/RyKpEzAZOamylIKRvRAfQ0jWkEysunV0ysY630rTCR+sVoTdXfHTmNlBpHga4sllTzXiH+5/UyDC+8nMdphhCz2aAwE5Y+u4jE6nMJDMVYE8ok17tabEglZaiDq+kQnPmTF0nnrOHYDefGrjcvyziq5IAckRPikHPSJNekRdqEkUfyTF7Jm/FkvBjvxsestGKUPfvkD4zPH9mgmCQ=</latexit>

Comparison between solution for the vertex function in the complex plane and NIR

Castro, de Paula, TF, Maris, Nogueira, Ydrefors; in preparation

k±
0
= ±

q

(m+ µ)2 + (~k)2 ⌥

p

p2

2
Peaks Branching points:



Dyson-Schwinger equation in Rainbow ladder truncation

from Euclidean to Minkowski: Un-Wick rotating

S−1(p) = A(p2) 6p�B(p2)
<latexit sha1_base64="Az8p6sYwrQ8BpHlJvH8RQ69Ffrk=">AAACGHicbZDLSgMxFIYz9V5vVZdugkVoF60zRdCN4GXjUtFeoDcyadqGZjIhOSMMQx/Dja/ixoUibrvzbUwvC209EPj4/3M4Ob+vBDfgut9Oaml5ZXVtfSO9ubW9s5vZ26+YMNKUlWkoQl3ziWGCS1YGDoLVlGYk8AWr+oObsV99YtrwUD5CrFgzID3Ju5wSsFI7c/LQSgreMKfyF1c51SrlcaPDjRIkNhALljRkCEOscAFfT+x2JusW3UnhRfBmkEWzumtnRo1OSKOASaCCGFP3XAXNhGjgVLBhuhEZpggdkB6rW5QkYKaZTA4b4mOrdHA31PZJwBP190RCAmPiwLedAYG+mffG4n9ePYLueTPhUkXAJJ0u6kYCQ4jHKeEO14yCiC0Qqrn9K6Z9ogkFm2XahuDNn7wIlVLRs3x/mr28nsWxjg7REcohD52hS3SL7lAZUfSMXtE7+nBenDfn0/matqac2cwB+lPO6AcgAp3w</latexit><latexit sha1_base64="Az8p6sYwrQ8BpHlJvH8RQ69Ffrk=">AAACGHicbZDLSgMxFIYz9V5vVZdugkVoF60zRdCN4GXjUtFeoDcyadqGZjIhOSMMQx/Dja/ixoUibrvzbUwvC209EPj4/3M4Ob+vBDfgut9Oaml5ZXVtfSO9ubW9s5vZ26+YMNKUlWkoQl3ziWGCS1YGDoLVlGYk8AWr+oObsV99YtrwUD5CrFgzID3Ju5wSsFI7c/LQSgreMKfyF1c51SrlcaPDjRIkNhALljRkCEOscAFfT+x2JusW3UnhRfBmkEWzumtnRo1OSKOASaCCGFP3XAXNhGjgVLBhuhEZpggdkB6rW5QkYKaZTA4b4mOrdHA31PZJwBP190RCAmPiwLedAYG+mffG4n9ePYLueTPhUkXAJJ0u6kYCQ4jHKeEO14yCiC0Qqrn9K6Z9ogkFm2XahuDNn7wIlVLRs3x/mr28nsWxjg7REcohD52hS3SL7lAZUfSMXtE7+nBenDfn0/matqac2cwB+lPO6AcgAp3w</latexit><latexit sha1_base64="Az8p6sYwrQ8BpHlJvH8RQ69Ffrk=">AAACGHicbZDLSgMxFIYz9V5vVZdugkVoF60zRdCN4GXjUtFeoDcyadqGZjIhOSMMQx/Dja/ixoUibrvzbUwvC209EPj4/3M4Ob+vBDfgut9Oaml5ZXVtfSO9ubW9s5vZ26+YMNKUlWkoQl3ziWGCS1YGDoLVlGYk8AWr+oObsV99YtrwUD5CrFgzID3Ju5wSsFI7c/LQSgreMKfyF1c51SrlcaPDjRIkNhALljRkCEOscAFfT+x2JusW3UnhRfBmkEWzumtnRo1OSKOASaCCGFP3XAXNhGjgVLBhuhEZpggdkB6rW5QkYKaZTA4b4mOrdHA31PZJwBP190RCAmPiwLedAYG+mffG4n9ePYLueTPhUkXAJJ0u6kYCQ4jHKeEO14yCiC0Qqrn9K6Z9ogkFm2XahuDNn7wIlVLRs3x/mr28nsWxjg7REcohD52hS3SL7lAZUfSMXtE7+nBenDfn0/matqac2cwB+lPO6AcgAp3w</latexit><latexit sha1_base64="Az8p6sYwrQ8BpHlJvH8RQ69Ffrk=">AAACGHicbZDLSgMxFIYz9V5vVZdugkVoF60zRdCN4GXjUtFeoDcyadqGZjIhOSMMQx/Dja/ixoUibrvzbUwvC209EPj4/3M4Ob+vBDfgut9Oaml5ZXVtfSO9ubW9s5vZ26+YMNKUlWkoQl3ziWGCS1YGDoLVlGYk8AWr+oObsV99YtrwUD5CrFgzID3Ju5wSsFI7c/LQSgreMKfyF1c51SrlcaPDjRIkNhALljRkCEOscAFfT+x2JusW3UnhRfBmkEWzumtnRo1OSKOASaCCGFP3XAXNhGjgVLBhuhEZpggdkB6rW5QkYKaZTA4b4mOrdHA31PZJwBP190RCAmPiwLedAYG+mffG4n9ePYLueTPhUkXAJJ0u6kYCQ4jHKeEO14yCiC0Qqrn9K6Z9ogkFm2XahuDNn7wIlVLRs3x/mr28nsWxjg7REcohD52hS3SL7lAZUfSMXtE7+nBenDfn0/matqac2cwB+lPO6AcgAp3w</latexit>

A(p0,~p
2) = 1 + g

2

Z
∞

−∞

dk0

Z
d3k

(2⇡)4

A(k0,
~k2) K A(p0, k0,~p,~k ,~p ·

~k)

(k2
0 + ~k2)A2(k0,

~k2) + B2(k0,
~k2)

B(p0,~p
2) = m0 + g

2

Z
∞

−∞

dk0

Z
d3k

(2⇡)4

B(k0,
~k2) K B(p0, k0,~p,~k ,~p ·

~k)

(k2
0 + ~k2)A2(k0,

~k2) + B2(k0,
~k2)

QED-like, Landau Gauge, bare vertices, massive vector boson, Pauli-Villars regulator

= +p
-1 -1

p

k

p-k

Wick-rotated SD equation

Un-Wick rotation: k0 → k0 exp ı(θ −
π

2
) p0 → p0 exp ı(θ −

π

2
)
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θ =
π

2
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Euclidean Minkowski θ = 0
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In collaboration with Duarte, de Paula, Maris, Nogueira, Ydrefors



0 1 2 3 4
p

0

0.5

0.6

0.7

0.8
R

e[
 M

(e
iθ

p
0
, 

0
) 

]

θ = π/8
θ = 7π/64
θ = 6π/64
θ = 5π/64
θ = 4π/64
θ = 3π/64
θ = π/32
Re[ M(p) ] = p

α = 0.3

µ = 1.0

m
pole

 = 0.693

0 2 4 6 8
t

0.001

0.01

0.1

1

∆
(t

)

Euclidean Schwinger function

fit: exp(-0.694 t)

∆(t) =

Z
d

3
x

Z
d4p

(2π)4
e

i(tp0+~x·~p)Ss,v (p
2) ∝ e

−m t

Schwinger function

m0 = 0.5 µ = 1 α = 0.3 Λ = 10
<latexit sha1_base64="oSivvlnhDwL1eWcba8UhZUCahuE=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzKjFd0Uim5cuKhgL9Ap5UwmbUOTmTHJCGXoi7jxVdy4UMSFG/FtTNsRtPVA4OP/z0lyfj/mTGnH+bIWFpeWV1Zza/n1jc2tbXtnt66iRBJaIxGPZNMHRTkLaU0zzWkzlhSEz2nDH1yO/cY9lYpF4a0exrQtoBeyLiOgjdSxS6LjlJ3iqXeXQIA9kZRdnDHwuA/GO/kRrs21AZRdp2MXnKIzKTwPbgYFlFW1Y394QUQSQUNNOCjVcp1Yt1OQmhFOR3kvUTQGMoAebRkMQVDVTifbjfChUQLcjaQ5ocYT9fdECkKpofBNpwDdV7PeWPzPayW6e95OWRgnmoZk+lA34VhHeBwVDpikRPOhASCSmb9i0gcJRJtA8yYEd3bleagfF13DN6VC5SKLI4f20QE6Qi46QxV0haqohgh6QE/oBb1aj9az9Wa9T1sXrGxmD/0p6/Mb3zCfSw==</latexit><latexit sha1_base64="oSivvlnhDwL1eWcba8UhZUCahuE=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzKjFd0Uim5cuKhgL9Ap5UwmbUOTmTHJCGXoi7jxVdy4UMSFG/FtTNsRtPVA4OP/z0lyfj/mTGnH+bIWFpeWV1Zza/n1jc2tbXtnt66iRBJaIxGPZNMHRTkLaU0zzWkzlhSEz2nDH1yO/cY9lYpF4a0exrQtoBeyLiOgjdSxS6LjlJ3iqXeXQIA9kZRdnDHwuA/GO/kRrs21AZRdp2MXnKIzKTwPbgYFlFW1Y394QUQSQUNNOCjVcp1Yt1OQmhFOR3kvUTQGMoAebRkMQVDVTifbjfChUQLcjaQ5ocYT9fdECkKpofBNpwDdV7PeWPzPayW6e95OWRgnmoZk+lA34VhHeBwVDpikRPOhASCSmb9i0gcJRJtA8yYEd3bleagfF13DN6VC5SKLI4f20QE6Qi46QxV0haqohgh6QE/oBb1aj9az9Wa9T1sXrGxmD/0p6/Mb3zCfSw==</latexit><latexit sha1_base64="oSivvlnhDwL1eWcba8UhZUCahuE=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzKjFd0Uim5cuKhgL9Ap5UwmbUOTmTHJCGXoi7jxVdy4UMSFG/FtTNsRtPVA4OP/z0lyfj/mTGnH+bIWFpeWV1Zza/n1jc2tbXtnt66iRBJaIxGPZNMHRTkLaU0zzWkzlhSEz2nDH1yO/cY9lYpF4a0exrQtoBeyLiOgjdSxS6LjlJ3iqXeXQIA9kZRdnDHwuA/GO/kRrs21AZRdp2MXnKIzKTwPbgYFlFW1Y394QUQSQUNNOCjVcp1Yt1OQmhFOR3kvUTQGMoAebRkMQVDVTifbjfChUQLcjaQ5ocYT9fdECkKpofBNpwDdV7PeWPzPayW6e95OWRgnmoZk+lA34VhHeBwVDpikRPOhASCSmb9i0gcJRJtA8yYEd3bleagfF13DN6VC5SKLI4f20QE6Qi46QxV0haqohgh6QE/oBb1aj9az9Wa9T1sXrGxmD/0p6/Mb3zCfSw==</latexit><latexit sha1_base64="oSivvlnhDwL1eWcba8UhZUCahuE=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzKjFd0Uim5cuKhgL9Ap5UwmbUOTmTHJCGXoi7jxVdy4UMSFG/FtTNsRtPVA4OP/z0lyfj/mTGnH+bIWFpeWV1Zza/n1jc2tbXtnt66iRBJaIxGPZNMHRTkLaU0zzWkzlhSEz2nDH1yO/cY9lYpF4a0exrQtoBeyLiOgjdSxS6LjlJ3iqXeXQIA9kZRdnDHwuA/GO/kRrs21AZRdp2MXnKIzKTwPbgYFlFW1Y394QUQSQUNNOCjVcp1Yt1OQmhFOR3kvUTQGMoAebRkMQVDVTifbjfChUQLcjaQ5ocYT9fdECkKpofBNpwDdV7PeWPzPayW6e95OWRgnmoZk+lA34VhHeBwVDpikRPOhASCSmb9i0gcJRJtA8yYEd3bleagfF13DN6VC5SKLI4f20QE6Qi46QxV0haqohgh6QE/oBb1aj9az9Wa9T1sXrGxmD/0p6/Mb3zCfSw==</latexit>

Parameters:

M = B/A
<latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="9l08m5Kl/tfR13vtcRbq04osdac=">AAAB4XicbZDNSgMxFIXv1L9aq1a3boJFcFVn3OhG8GfjRqjgtIV2KJn0ThuayQxJRihDn8GNC0V8KXe+jZm2C209EPg4JyH3njAVXBvX/XZKa+sbm1vl7cpOdXdvv3ZQbekkUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc3xV5+xmV5ol8MpMUg5gOJY84o8Za/sPV7dlNv1Z3G+5MZBW8BdRhoWa/9tUbJCyLURomqNZdz01NkFNlOBM4rfQyjSllYzrErkVJY9RBPht2Sk6sMyBRouyRhszc3y9yGms9iUN7M6ZmpJezwvwv62YmugxyLtPMoGTzj6JMEJOQYnMy4AqZERMLlCluZyVsRBVlxvZTsSV4yyuvQuu84Vl+dKEMR3AMp+DBBVzDPTTBBwYcXuAN3h3pvDof87pKzqK3Q/gj5/MHh5GMkQ==</latexit><latexit sha1_base64="9l08m5Kl/tfR13vtcRbq04osdac=">AAAB4XicbZDNSgMxFIXv1L9aq1a3boJFcFVn3OhG8GfjRqjgtIV2KJn0ThuayQxJRihDn8GNC0V8KXe+jZm2C209EPg4JyH3njAVXBvX/XZKa+sbm1vl7cpOdXdvv3ZQbekkUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc3xV5+xmV5ol8MpMUg5gOJY84o8Za/sPV7dlNv1Z3G+5MZBW8BdRhoWa/9tUbJCyLURomqNZdz01NkFNlOBM4rfQyjSllYzrErkVJY9RBPht2Sk6sMyBRouyRhszc3y9yGms9iUN7M6ZmpJezwvwv62YmugxyLtPMoGTzj6JMEJOQYnMy4AqZERMLlCluZyVsRBVlxvZTsSV4yyuvQuu84Vl+dKEMR3AMp+DBBVzDPTTBBwYcXuAN3h3pvDof87pKzqK3Q/gj5/MHh5GMkQ==</latexit><latexit sha1_base64="CIPm/t0r4wU4Ss0XCb4O1HtIpuY=">AAAB7HicbZA9SwNBEIbn4leMX1FLm8UgWMU7G22EGBsbIYKXBJIj7G3mkiV7e8funhBCfoONhSK2/iA7/42b5AqNvrDw8M4MO/OGqeDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNnWSKoc8Skah2SDUKLtE33AhspwppHApshaObWb31iErzRD6YcYpBTAeSR5xRYy3/7qp+dt0rV9yqOxf5C14OFcjV6JU/u/2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjUdIYdTCZLzslJ9bpkyhR9klD5u7PiQmNtR7Hoe2MqRnq5drM/K/WyUx0GUy4TDODki0+ijJBTEJml5M+V8iMGFugTHG7K2FDqigzNp+SDcFbPvkvNM+rnuV7t1Kr53EU4QiO4RQ8uIAa3EIDfGDA4Qle4NWRzrPz5rwvWgtOPnMIv+R8fAOkY43k</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit><latexit sha1_base64="rZlYd+rbg0FNbGz0rdR6Zc1anmQ=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrOiKAbodaNG6GC0xbaoWTSTBuaSYYkI5Shz+DGhSJufSB3vo1pOwttPRD4OPdecu8JE860cd1vp7Cyura+UdwsbW3v7O6V9w+aWqaKUJ9ILlU7xJpyJqhvmOG0nSiK45DTVji6ndZbT1RpJsWjGSc0iPFAsIgRbKzl31/Xz2565YpbdWdCy+DlUIFcjV75q9uXJI2pMIRjrTuem5ggw8owwumk1E01TTAZ4QHtWBQ4pjrIZstO0Il1+iiSyj5h0Mz9PZHhWOtxHNrOGJuhXqxNzf9qndREV0HGRJIaKsj8oyjlyEg0vRz1maLE8LEFTBSzuyIyxAoTY/Mp2RC8xZOXoXle9Sw/XFRq9TyOIhzBMZyCB5dQgztogA8EGDzDK7w5wnlx3p2PeWvByWcO4Y+czx+lo43o</latexit>
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<latexit sha1_base64="6oxKZHlqcK+TEnzVIDDN4+0tIek="></latexit><latexit sha1_base64="6oxKZHlqcK+TEnzVIDDN4+0tIek="></latexit><latexit sha1_base64="6oxKZHlqcK+TEnzVIDDN4+0tIek="></latexit><latexit sha1_base64="6oxKZHlqcK+TEnzVIDDN4+0tIek="></latexit>

Spectral Representation (Nakanishi Integral representation)

ρB(s) = −Im[B(s)/π]
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Vertex Form-Factor

Carbonell and Karmanov EPJA 46 (2010) 387;    de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Vector  Exchange in Ladder

BSE for two-fermions

fermion-antifermion 0- :

Nakanishi Integral Representation :



For the two-fermion BSE, singularities have generic form:

Cj =

Z
1

�1

dk�

2π
(k�)j S(k�

, v , z , z
0

, γ, γ
0) j = 1, 2, 3

with S(k�
, v , z , z 0, γ, γ0) explicitly calculable

N.B., in the worst case

S(k�

, v , z , z
0

, γ, γ
0) ∼

1

[k�]2
for k

�

→ ∞

End-point singularities– more intuitive: can be treated by the pole-dislocation method 

de Melo et al. NPA631 (1998) 574C, PLB708 (2012) 87

I(�, y) =

Z

1

�1

dx
h

�x� y ⌥ i✏
i2

= ±
2⇡i �(�)
h

�y ⌥ i✏
i

End-point singularities: 

, p p
T.M. Yan , Phys. Rev. D 7, 1780 (1973)

à Kernel with delta’s and its derivatives!

Light-front projection: integration over k- (LF singularities)
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de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Example: Scalar boson exchange
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PION MODEL

W. de Paula, TF, Pimentel, Salmè, Viviani, EPJC 77 (2017) 764

l Gluon effective mass ~ 500 MeV – Landau Gauge LQCD
[Oliveira, Bicudo, JPG 38 (2011) 045003;  
Duarte, Oliveira, Silva,  Phys. Rev. D 94 (2016) 01450240]

l Mquark = 250 MeV 
[Parappilly, et al, PR D73 (2006) 054504]

l Λ/m =1, 2, 3

Ladder approximation (L): suppression of XL (non-planar diagram) for Nc=3

[A. Nogueira, CR Ji, Ydrefors, TF, PLB 777 (2018) 207]



Dynamical components;
(B/m = 1.35, µ/m = 2.0, Λ/m = 1.0, mq=215 MeV): fπ = 96 MeV,

Pval = 0.68

Light-front amplitudes
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Valence distribution functions  

W. de Paula, et. al, in preparation

Valence probability:
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Valence distribution functions: longitudinal and transverse

Mquark 187 MeV

Mgluon 28 MeV

Λ/m =2

Pval=0.64

Mquark 187 MeV

Mgluon 280 MeV

Λ/m =2

Pval=0.78

fπ = 77MeV
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fπ = 99MeV
<latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit>



0 10 20 30 40 50 60 70

a
S

0.0

0.5

1.0

1.5

2.0

B
/m

µ/m=0.15

µ/m=0.50

Fermion-scalar system interacting through a massive scalar exchange

0 0.2 0.4 0.6 0.8 1

 ξ 

0

1

2

3

φ
F
(
ξ
)/

p
v

al

µ/ m= 0.15

0 0.2 0.4 0.6 0.8 1

 ξ 

0

1

2

φ
F
(
ξ
)/

p
v

al

µ/ m = 0.50

Longitudinal light-cone distribution for a fermion in the valence component. Solid line :

B/m̄ = 0.1. Dotted line: B/m̄ = 0.5. Dotted line: B/m̄ = 1.0

0 0.5 1 1.5 2 2.5 3

γ / m
2

10
-4

10
-3

10
-2

10
-1

10
0

10
1

m
2
P

(γ
)/

p
v

al

µ/ m= 0.15

0 0.5 1 1.5 2 2.5 3

γ / m
2

10
-4

10
-3

10
-2

10
-1

10
0

10
1

m
2
P

(γ
)/

p
v

al

µ/ m= 0.50

Transverse light-cone distribution for a fermion in the valence component.



v(q, p) = 2i F (M12)

∫

d4k
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i
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i
[(p−q−k)2−m2+iϵ]

v(k, p).

Relativistic Three-body Bound states with contact interaction
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−
π

2am
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−
π

2am

, if 0 ≤ M2
12 < 4m2

Wick rotation after the transformation k = k′ +
1

3
p, q = q′ +

1

3
p.

TF, PLB 282 (1992) 409

The LF projection in the NREL limit 

reduces to the SKT equation!

Euclidean space solution

Ydrefors, Alvarenga Nogueira, TF, Karmanov PLB 770 (2017)131



E. Ydrefors et al. / Physics Letters B 770 (2017) 131–137

Fig. 2. The three-body LF graphs obtained by time-ordering of the Feynman graph shown in right panel of Fig. 1.

Fig. 3. Examples of many-body intermediate state contributions to the LF three-body forces.

[7] V.A. Karmanov, P. Maris, Few-Body Syst. 46 (2009) 95.
LF Missing induced three-body forces

Faddeev-BSE in Eucl. Space vs. Truncation in the LF valence sector

Transverse amplitude: FULL BSA vs LF valence truncation 
Z 1

�1

dk10

Z 1

�1

dk1z

Z 1

�1

dk20

Z 1

�1

dk2z iΦM(k10, k1z, k20, k2z;~k1?,~k2?).



v(q0, qv) =
F(M12)

(2⇡)4

Z

∞

0

k2

vdkv

⇢

2⇡i

2"k
[Π(q0, qv; "k, kv)v("k, kv) + Π(q0, qv;−"k, kv)v(−"k, kv)]

− 2

Z

0

−∞

dk0



Π(q0, qv; k0, kv)v(k0, kv)− Π(q0, qv;−"k, kv)v(−"k, kv)

k2

0
− "2k

�

− 2

Z

∞

0

dk0



Π(q0, qv; k0, kv)v(k0, kv)− Π(q0, qv; "k, kv)v("k, kv)

k2

0
− "2k

��

, (9)

Direct solution in Minkowski space

Generalization of the technique used in the two-boson problem in ladder approximation

Ydrefors, Alvarenga Nogueira, Karmanonv and TF; in preparation

Carbonell and Karmanov PRD90(2014) 056002

v
(q

0
,q

v
=

0
.5
m
)
w

o
f

am = −1.5 B3 = 0.395m
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• A method for solving bosonic and fermionic BSE: NIR (LF singularities-fermions);

• Euclidean and Minkowski BSE for 3-bósons;

• Un-Wick rotation: BSE and SD - promissing tool allied to Integral Representations;

• Self-energies, vertex corrections, Landau gauge,   ingredients from LQCD….

• Confinement – Generalized Stieljes transform and LF wave function (hint)? 

• Beyond the pion, kaon, D, B, rho…, and the nucleon

• Form-Factors, PDFs, TMDs, Fragmentation Functions...

Conclusions and Perspectives
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THANK YOU!
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Numerical method 
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Solution of the eigenvalue problem for g2 for each given B

B=2m-M  binding energy 


