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Abstract

Many different shape degrees of freedom play crucial roles in determining
the nuclear ground state and saddle point properties and the fission path. By
breaking both the axial and the spatial reflection symmetries simultaneously,
we have developed multidimensionally-constrained covariant density functional
theories (MDC-CDFTs) in which all shape degrees of freedom βλµ with even µ,
such as β20, β22, β30, β32, β40, etc., are included self-consistently. The MDC-
CDFT’s have been applied to the study of fission barriers and potential energy
surfaces of actinide nuclei, third minima in potential energy surfaces of light
actinides, shapes and potential energy surfaces of superheavy nuclei, the Y32

correlations in N = 150 isotones and Zr isotopes, and shapes of hypernuclei.
In this contribution we introduce MDC-CDFT’s and focus on applications to
tetrahedral nuclear shapes. With functionals DD-PC1 and PC-PK1, the ground
state shape of 110Zr is predicted to be tetrahedral so is that of 112Zr with DD-
PC1. The tetrahedral shape originates from large energy gaps around Z = 40
and N = 70 when the β32 distortion is allowed. With the functional DD-PC1,
β32 > 0.03 and the energy gain due to the β32 distortion is larger than 300 keV
for the ground states of 248Cf and 250Fm with N = 150.
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1 Introduction

Most of known atomic nuclei have intrinsic shapes deviating from a sphere; in other
words, they are deformed [1–3]. Nuclear deformations not only manifest themselves in
collective states but also play important roles in determining nuclear potential energy
surfaces (PES’s) and fission barriers [4–6]. One way to describe nuclear deformations
is by parameterizing the nuclear surface with a multipole expansion

R(θ, ϕ) = R0


1 +

∞∑

λ=1

λ∑

µ=−λ

β∗
λµ Yλµ(θ, ϕ)


, (1)

where βλµ’s are deformation parameters. β20, describing axial and quadrupole shapes,
is the most important nuclear deformation. Beyond β20, one can either go to higher
order multipole with λ > 2, in particular βλ0 with odd λ corresponding to reflection-
asymmetric nuclear shapes [7–9], or consider triaxial deformations βλµ with µ 6= 0.
Several interesting nuclear phenomena are related to triaxial or reflection asymmetric
shapes such as the wobbling motion [2,10], chiral doublet bands [11–15], the termina-
tion of rotational bands [16], parity doublet bands [17–19], and the low-spin signature
inversion [20–24]. Putting together β30 and β22, it was revealed that the triaxial and
octupole distortions both lower the second fission barrier of actinide nuclei consid-
erably [25]. Furthermore, chirality-parity quartet bands are predicted in a nucleus
with both a static triaxial deformation (β22) and an octupole deformation (β30) [26].
The triaxiality and reflection asymmetry are combined in deformations characterized
by βλµ with odd λ and nonzero µ. Among such deformations, the β32 deformation is
of particular interest and has been investigated extensively [27–36]. A nucleus with
a pure β32 deformation, i. e., βλµ = 0 if λ 6= 3 and µ 6= 2, has a tetrahedral shape
with the symmetry group TD

d . The study of single-particle structure of nuclei with
tetrahedral symmetry predicted large energy gaps at Z(N) = 16, 20, 32, 40, 56–58,
70, and 90–94 and N = 112 and 136/142 [29, 32, 37–46]. These shell gaps may be
comparable to or even stronger than those at spherical shapes. Thus, a nucleus with
proton and/or neutron numbers equal to these numbers may have a static tetrahedral
shape or strong tetrahedral correlations.

For the study of nuclear ground states, shape isomers and PES’s, it is desir-
able to have microscopic and self-consistent models which incorporate all known im-
portant shape degrees of freedom. We have developed such a model, the so-called
multidimensionally-constrained covariant density functional theories (MDC-CDFT’s),
by breaking the reflection and axial symmetries simultaneously. Within the MDC-
CDFT’s, the nuclear shape is assumed to be invariant under the reversion of x and y
axes, i. e., the intrinsic symmetry group is V4 and all shape degrees of freedom βλµ with
even µ (β20, β22, β30, β32, β40, ...) are included self-consistently. The MDC-CDFT’s
consist of two types of models: the multidimensionally-constrained relativistic mean
field (MDC-RMF) model and the multidimensionally-constrained relativistic Hartree–
Bogoliubov (MDC-RHB) model. In the MDC-RMF model, the BCS approach has
been implemented for the particle-particle (pp) channel. This model has been used
to study potential energy surfaces and fission barriers of actinides [25, 47–51], the
spontaneous fission of several fermium isotopes [52], the Y32 correlations in N = 150
isotones [53], and shapes of hypernuclei [54,55], see Refs. [6,56,57] for recent reviews.
The Bogoliubov transformation generalizes the BCS quasi-particle concept and pro-
vides a unified description of particle-hole (ph) and pp correlations on the mean-field
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level. In the MDC-RHB model, pairing correlations are treated by making the Bogoli-
ubov transformation and a separable pairing force of a finite range [58–62] is adopted.
The MDC-RHB model has been used to study the spontaneous fission of fermium
isotopes [63] and neutron-rich Zr nuclei [64].

In this contribution, we present briefly the formalism of the MDC-RHB model
and some results of neutron-rich Zr nuclei and N = 150 isotones. The formulae of the
MDC-RHB model are given in Section 2. The results and discussions are presented
in Section 3. A summary is given in Section 4.

2 Formalism

In the CDFT [65–74], there are four types of covariant density functionals: the meson
exchange or point-coupling nucleon interactions combined with nonlinear or density
dependent couplings [75–81] (see Ref. [82] for recent reviews). All these four types
of functionals have been implemented in the MDC-RHB model. In this Section,
we mainly present the formalism of the RHB model with density dependent point-
couplings. The starting point of the RHB model with the density dependent point-
couplings is the following Lagrangian,

L = ψ̄(iγµ∂
µ −M)ψ − 1

2
αS(ρ̂) ρ2S − 1

2
αV (ρ̂) j2V − 1

2
αTV (ρ̂)~j2TV

− 1

2
δS(∂νρS)(∂νρS) − e

1 − τ3
2

Aµ j
µ
V − 1

4
FµνFµν , (2)

where M is the nucleon mass, αS(ρ̂), αV (ρ̂), and αTV (ρ̂) are density-dependent cou-
plings for different channels, δS is the coupling constant of the derivative term, and e
is the electric charge. ρS , jV , and ~jTV are the iso-scalar density, the iso-scalar current,
and the iso-vector current, respectively.

With the Green’s function technique, one can derive the Dirac–Hartree–Bogoliubov
equation [67, 83],

∫
d3r′

(
h− λ ∆
−∆∗ −h+ λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (3)

where Ek is the quasiparticle energy, λ is the chemical potential, and ĥ is the single-
particle Hamiltonian,

ĥ = α · [p− V (r)] + β[M + S(r)] + V0(r) + ΣR(r), (4)

S, V µ, and ΣR are the scalar potential, the vector potential, and the rearrangement
terms. The pairing potential reads

∆ff (r1σ1, r2σ2) =

∫
d3r′

1d
3r′

2

∑

σ′
1
σ′
2

V pp
ff,ff (r1σ1, r2σ2, r

′
1σ

′
1, r

′
2σ

′
2)κff (r′

1σ
′
1, r

′
2σ

′
2),

(5)
where f and g are used to represent the large and small components of the Dirac
spinor, V pp is the effective pairing interaction and κ(r1σ1, r2σ2) is the pairing tensor.

The RHB equation (3) is solved by expanding the large and small components of
the spinors Uk(rσ) and Vk(rσ) in an axially-deformed harmonic oscillator (ADHO)
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basis [84],

Uk(rσ) =

(∑
α f

kα
U Φα(rσ)∑

α g
kα
U Φα(rσ)

)
, Vk(rσ) =

(∑
α f

kα
V Φα(rσ)∑

α g
kα
V Φα(rσ)

)
, (6)

where Φα(rσ) are eigensolutions of the Schrödinger equation with the ADHO poten-
tial, [

− ~
2

2M
∇2 + VB(ρ, z)

]
Φα(rσ) = EαΦα(rσ), (7)

and

VB(ρ, z) =
1

2
M(ω2

ρρ
2 + ω2

zz
2). (8)

In Eq. (6), α = {nz, nr,ml,ms} is the collection of quantum numbers, and ωz and ωρ

are the oscillator frequencies along and perpendicular to the symmetry (z) axis, re-
spectively. The V4 symmetry is imposed in the MDC-CDFT [6]. Thus we expand the
potentials and the densities in terms of the Fourier series,

f(ρ, ϕ, z) = f0(ρ, z)
1√
2π

+

∞∑

n=1

fn(ρ, z)
1√
π

cos(2nϕ), (9)

In the pp channel, we use a separable pairing force of a finite range [58–62]. The
matrix element V̄ pp

12,1′2′ = V pp
12,1′2′ − V pp

12,2′1′ in the center of mass frame reads

V12,1′2′ = −2
√

2G
∑

NzNpMp

(
W

NzNpMp

12

)∗
W

NzNpMp

1′2′ , (10)

where

W
NzNpMp

12 = δK1+K2,Mp
δπ1π2,(−1)Nz+|Mp| τ1

1√
2
C1C2

×
(
∑

nz

M
nz1

nz2

Nznz
Vnz

)

∑

np

M
nr1

m1nr2
m2

NpMpnp0
Unp


, (11)

and

Vnz
=

1

(4πa2)1/2

∫ ∞

−∞

dz e−
z2

2a2 φnz
(z),

Unp
=

√
2π

4πa2

∫ ∞

0

dρρ e−
ρ2

2a2 R0
np

(ρ).

(12)

M
nz1

nz2

Nznz
and M

nr1
m1nr2

m2

NpMpnpmp
are the Talmi–Moshinski brackets. The pairing field and

pairing energy can be also written in a separable form as

∆12 =
∑

1′2′

V12,1′2′ κ1′2′ = −2
√

2G
∑

Nz

∑

NpMp

(
W

NzNpMp

12

)∗
PNzNpMp , (13)

Epair =
1

2

∑

12,1′2′

V12,1′2′ κ
∗
12κ1′2′ = −

√
2G
∑

Nz

∑

NpMp

|PNzNpMp |2, (14)
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where
PNzNpMp =

∑

12

W
NzNpMp

12 κ12. (15)

The details of the derivation are given in Appendices of Refs. [48, 64].
The total energy of the nucleus reads

Etotal =

∫
d3r

{
∑

k

v2k ψ
†
k (α · p + βMB)ψk

+
1

2
αS ρ

2
S +

1

2
αV ρ

2
V +

1

2
αTS ρ

2
TS +

1

2
αTV ρ

2
TV

+
1

3
βS ρ

3
S +

1

4
γS ρ

4
S +

1

4
γV ρ

4
V

+
1

2
δS ρS ∆ρS +

1

2
δV ρV ∆ρV

+
1

2
δTS ρTS ∆ρTS +

1

2
δTV ρTV ∆ρTV +

1

2
eρCA

}

+ Epair + Ec.m., (16)

where the center of mass correction Ec.m. can be calculated either phenomenologically
or microscopically. The intrinsic multipole moments are calculated as

Qτ
λµ =

∫
d3r ρτV (r) rλ Yλµ(Ω), (17)

where Yλµ(Ω) are the spherical harmonics and τ refers to the proton, neutron, or the
whole nucleus. The deformation parameter βλµ is obtained from the corresponding
multipole moment by

βτ
λµ =

4π

3NτRλ
Qλµ, (18)

where R = 1.2 ×A1/3 fm and Nτ is the number of proton, neutron, or nucleons.

3 Results and discussions

3.1 Tetrahedral shapes of neutron-rich Zr isotopes

In Ref. [64], one-dimensional potential energy curves (E ∼ β20) for even-even Zr nuclei
with 100 ≤ A ≤ 114 were calculated with functionals DD-PC1 [61] and PC-PK1 [85].
To investigate different roles played by the nonaxiality and reflection asymmetry, cal-
culations are preformed with different symmetries imposed: i) axial and reflection
symmetry, ii) axial symmetry and reflection asymmetry, and iii) nonaxial and reflec-
tion asymmetry; the results are shown in Figs. 1 and 2 by dotted, dash-dotted, and
solid lines respectively.

In Fig. 1, we present the results obtained with the functional DD-PC1. We can
see that if nuclei are allowed to be reflection asymmetric but axial symmetric, the
energy of the minimum with β20 ≈ 0 for 106−114Zr is lowered substantially by the β30
distortion. Due to this lowering effect, the energy of the minimum with the pear-like
shape (β20 ≈ 0, β30 6= 0) is lower than the minimum with oblate or prolate shape
for 110Zr, 112Zr, and 114Zr. When the β32 deformation is allowed in the calculations,
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Figure 1: Potential energy curves for Zr isotopes with the functional DD-PC1. The
energy is normalized with respect to the oblate minimum for each nucleus. Various
symmetries are imposed in the calculations: axial symmetry (AS), triaxial (TA),
reflection symmetry (RS) and reflection asymmetry (RA). Taken from Ref. [64].

both axial and reflection symmetries are broken. The β32 distortion effect is more
pronounced than that of the β30 deformation for most of these nuclei. The energy of
the minimum with β20 ≈ 0 for 106−112Zr is lowered much. A tetrahedral ground state
is predicted for 110,112Zr. For 114Zr, the predicted pear-like shape is lower in energy
than the tetrahedral shape. From Fig. 1, we conclude that the β32 distortion effect is
the most pronounced for 110Zr where the inclusion of the β32 deformation lowers the
energy of the minimum around β20 = 0 by about 2 MeV.

In Fig. 2, the results obtained with the functional PC-PK1 are presented. The β30
and β32 distortion effects are observed around β20 = 0 for 108,110Zr. The most pro-
nounced distortion effects are predicted for 110Zr which is consistent with the results
obtained from DD-PC1. As a result, the ground states of 108,110Zr are predicted to
have tetrahedral shapes and there also exist pear-like isomeric states. Neither β30
nor β32 distortions have influences on the PEC’s of 112,114Zr.

In Ref. [64], we also examined the origin of the strong β32 effect around 110Zr.
We found that the formation of the tetrahedral ground state around 110Zr can be
traced back to the large energy gaps at Z = 40 and N = 70 in the single-particle
levels when the β32 deformation is included. In Fig. 3, we show the single-particle
levels of 110Zr near the Fermi surface as functions of β32 with β20 fixed at zero. Due
to the tetrahedral symmetry, the single-particle levels are split into multiplets with
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Figure 2: Potential energy curves for Zr isotopes with the functional PC-PK1. The
energy is normalized with respect to the oblate minimum for each nucleus. Various
symmetries are imposed in the calculations: axial symmetry (AS), triaxial (TA),
reflection symmetry (RS) and reflection asymmetry (RA).
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(b) of 110Zr as functions of β32 with β20 fixed at zero. Taken from Ref. [64].
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Figure 4: Ground state density profile of 110Zr in the (x, z) and (y, z) planes obtained
for the functional PC-PK1.

degeneracies equal to the irreducible representations of the TD
d group. For protons,

as shown in Fig. 3(a), the magic gap Z = 20 is enhanced while the gap at Z = 28 is
suppressed as β32 increases. At Z = 40 a large energy gap shows up as β32 increases.
From Fig. 3(b) we can see that large energy gaps appear at N = 40 and 70 while a
spherical magic gap at N = 50 is suppressed as β32 increases. Due to the large energy
gaps at Z = 40 and N = 70, a strong β32 effect is expected for 110Zr and nearby
nuclei. The ground state density profile of 110Zr obtained from PC-PK1 is shown in
Fig. 4.
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Figure 5: Potential energy surfaces of 106−114Zr in the (β30, β32) plane with β20 fixed
at zero. The contour interval is 0.1 MeV. Taken from Ref. [64].
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The potential energy surfaces (PES) of 106−114Zr in the (β30, β32) plane with β20
fixed at zero are shown in Fig. 5. It is clearly seen that the minima with tetrahedral
shapes are deeper than that of pear-like shapes for 106−112Zr with both functionals.
The barriers separating the pear-like and tetrahedral minima are very low. For 106Zr,
the barrier is almost invisible with both functionals. For 108Zr and 112Zr, the barriers
predicted by DD-PC1 are less than 0.2 MeV while the barriers predicted by PC-PK1
are around 0.1 MeV. For 110Zr, the barrier predicted by DD-PC1 is higher but still
less than 0.3 MeV, while the barrier height from the calculations with PC-PK1 is less
than 0.2 MeV. In this sense, the pear-like isomeric states are rather unstable.

3.2 Non-axial octupole shapes in N = 150 isotones

In Ref. [53], the non-axial reflection-asymmetric β32 shape in some transfermium
nuclei with N = 150, namely, in 246Cm, 248Cf, 250Fm and 252No, were investigated
within the MDC-RMF model. The parameter set DD-PC1 was used [61]. One-
dimensional potential energy curves (E vs β32) are shown in Fig. 6. For the ground
states of 248Cf and 250Fm, the non-axial octupole deformation parameter β32 > 0.03
and the energy gain due to the β32 distortion is larger than 300 keV. In 246Cm and
252No, shallow β32 minima are found.

The triaxial octupole Y32 effects stem from the coupling between pairs of single-
particle orbits with ∆j = ∆l = 3 and ∆K = 2 where j and l are respectively the
single-particle total and orbital angular momenta and K is the projection of j on
the symmetry axis. In Fig. 7, we show the proton and neutron single-particle levels
near the Fermi surface for 248Cf as a function of β32 with β20 fixed at 0.3. It has
been shown that the spherical proton orbitals π2f7/2 and π1i13/2 are very close to
each other. This near degeneracy results in octupole correlations. As seen in the
left panel of Fig. 7, two proton levels, [521]3/2 originating from 2f7/2 and [633]7/2
originating from 1i13/2, satisfying the ∆j = ∆l = 3 and ∆K = 2 condition, are very
close to each other at β20 = 0.3. Therefore the non-axial octupole Y32 develops, and
an energy gap appears at Z = 98 as β32 increases from zero. Similarly, the spherical
neutron orbitals ν2g9/2 and ν1j15/2 are very close to each other. The neutron levels
[734]9/2 originating from 1j15/2 and [622]5/2 originating from 2g9/2 are also close
lying just above and below the Fermi surface. This leads to the development of a gap
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Figure 6: Binding energy E (relative
to the ground state) for N = 150 iso-
tones 246Cm, 248Cf, 250Fm, and 252No
as functions of the non-axial octupole
deformation parameter β32. Taken
form Ref. [53].
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Figure 7: Single-particle levels near the Fermi surface for protons and neutrons of
248Cf as functions of β32 with β20 fixed at 0.3.

at N = 150 with β32 increasing. The Y32 correlation in N = 150 isotones is caused
by both protons and neutrons, and the correlation in 248Cf is the most pronounced.

4 Summary

In this contribution we present briefly the formalism and some applications of the
multidimensionally-constrained covariant density functional theories (MDC-CDFT)
in which all shape degrees of freedom like βλµ deformations with even µ are allowed.
We have calculated the potential energy curves (E vs β32) of neutron-rich even-even
Zr isotopes within the MDC-RHB model. It is found that the β32 deformation plays
a very important role in the isomeric or ground states of these nuclei, especially for
nuclei around N = 70. The ground state shape of 110Zr is predicted to be tetrahedral
with both functionals, DD-PC1 and PC-PK1. 108Zr is also predicted to have the
tetrahedral ground state with the functional PC-PK1 and 112Zr is predicted to have
the tetrahedral ground state with the functional DD-PC1. The strong β32 distortion
effect is caused by the large energy gaps at Z = 40 and N = 70. The non-axial
reflection-asymmetric β32 shape in some transfermium nuclei with N = 150, namely,
in 246Cm, 248Cf, 250Fm and 252No, are studied. Due to the interaction between a
pair of neutron orbitals, [734]9/2 originating from νj15/2 and [622]5/2 originating
from νg9/2, and that of a pair of proton orbitals, [521]3/2 originating from πf7/2 and
[633]7/2 originating from πi13/2, rather strong non-axial octupole Y32 effects have been
found in 248Cf and 250Fm which are both well-deformed with large axial-quadrupole
deformations, β20 ≈ 0.3.
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[61] T. Nikšić, D. Vretenar and P. Ring, Phys. Rev. C 78, 034318 (2008).
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[63] J. Zhao, B.-N. Lu, T. Nikšić and D. Vretenar, Phys. Rev. C 92, 064315 (2015).

[64] J. Zhao, B.-N. Lu, E.-G. Zhao and S.-G. Zhou, Phys. Rev. C 95, 014320 (2017),
arXiv:1606.08994 [nucl-th] (2016).

[65] B. D. Serot and J. D. Walecka, Adv. Nucl. Phys. 16, 1 (1986).

[66] P. G. Reinhard, Rep. Prog. Phys. 52, 439 (1989).

[67] P. Ring, Prog. Part. Nucl. Phys. 37, 193 (1996).

[68] M. Bender, P.-H. Heenen and P.-G. Reinhard, Rev. Mod. Phys. 75, 121 (2003).

[69] D. Vretenar, A. V. Afanasjev, G. A. Lalazissis and P. Ring, Phys. Rep. 409, 101
(2005).

[70] J. Meng, H. Toki, S. G. Zhou, S. Q. Zhang, W. H. Long and L. S. Geng, Prog.
Part. Nucl. Phys. 57, 470 (2006).

[71] N. Paar, D. Vretenar and G. Colo, Rep. Prog. Phys. 70, 691 (2007).
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