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Nuclear shapes 

Courtesy of Bing-Nan Lu (吕炳楠) 

SGZ 2016_PhysScr 91- 063008 



Nonaxial quadrupole shape (b22 or g) 

A static triaxial shape in atomic nuclei manifests itself by  

the wobbling motion             &          chiral doublet bands 

Bohr & Mottelson 1975 

Odegard … 2001_PRL86-5866 

Frauendorf_Meng1997_NPA617-131 

Starosta … 2001_PRL86-971 
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Meng_Zhang 2010_JPG37-064025 



Octupole shape (b30) 

Gaffney… 2013_Nature497-199 



Nonaxial (b22 or g) & octupole (b30) shapes 

in PES 

Axial asymmetry plays important roles around the first barrier 

Reflection asymmetry plays important roles around the second barrier 

Möller_Nix 1973 

IAEA-SM-174/202 
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Covariant Density Functional Theory (CDFT) 



MDC-CDFT (b20, b22, b30, b32, b40, …) 

 Axially deformed harmonic oscillator (ADHO) basis 

 

 

 

 

 Fourier expansion for densities & potentials 

 

 

 A modified linear constraint method 

 

Lu_Zhao_Zhao_SGZ 2014_PRC89-014323 

Ring_Gambhir_Lalazissis1997_CPC105-77 



RMF model for L hypernuclei 

 The Lagrangian density: 

 

 

 

 The Dirac equation for L 

 

 

 Effective interactions 

 

PK1-Y1: Song_Yao_Lü_Meng2010_IJMPE19-2538 

                Wang_Sang_Wang_Lü2014_Commu.Theor.Phys.60-479 

NLSH-A: Win_Hagino2008_PRC78-054311 



MDC-CDFT (b20, b22, b30, b32, b40, …) 

ph channel Non-linear Density-dependent 

Meson exchange NL3, NL3*, PK1, ... DD-ME1, DD-ME2, ... 

Point Coupling PC-F1, PC-PK1, ... DD-PC1, ... 

pp channel BCS Bogoliubov 

Constant gap  - 

Constant strength  - 

Delta force   

Separable force   

Lu_Zhao_SGZ 2011_PRC84-014328 Lu_Zhao_SGZ 2012_PRC85-011301R 

Zhao_Lu_Zhao_SGZ 2012_PRC86-057304 Lu_Zhao_Zhao_SGZ 2014_PRC89-014323 

MDC-RMF MDC-RHB 



Numerical checks 

 (b2, b3, …) 

 

 (b2, g, …) 

 

 (b2, …) 
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Larger basis size in the elongated direction  
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Convergence of the binding energy 

w.r.t. the size of the ADHO basis 

Lu_Zhao_SGZ 2011_PRC84-014328 

Lu_Zhao_SGZ 2012_PRC85-011301R 

Zhao_Lu_Zhao_SGZ 2012_PRC86-057304 

Lu_Zhao_Zhao_SGZ 2014_PRC89-014323 



Numerical checks 

 (b2, b3, …) 

 

 (b2, g, …) 

 

 (b2, …) 

 

 

 

 

Geng_Meng_Toki2007_ChinPhysLett24-1865 

Meng_Peng_Zhang_SGZ2006_PRC73-037303 

Ring_Gambhir_Lalazissis1997_CPC105-77 

The “variational collapse” problem 
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Potential energy surface: an example 

Courtesy of Bing-Nan Lu (吕炳楠) 



Potential energy surface: an example 

Courtesy of Bing-Nan Lu (吕炳楠) 



240Pu: 1-dim. potential energy curve (b20)  

 Triaxiality lowers inner barrier height by more than 2 MeV 

 Octupole deformation lowers outer barrier dramatically 

 Triaxiality lowers outer barrier height by about 1 MeV 

AS: Axially Sym. 

RS: Reflection Sym. 

Lu_Zhao_SGZ 2012_PRC85-011301R 



240Pu: 2-dim. PES (b20, b30)  

Without 

triaxility 

 

With 

triaxility 

 

Lu_Zhao_SGZ 2012_PRC85-011301R 



240Pu: 3-dim. PES (b20, b22, b30) 

 AS & RS for g.s. & isomer, 

the latter is stiffer 

 Triaxial & octupole shape 

around the outer barrier 

 Triaxial deformation crucial  

around barriers 

Lu_Zhao_SGZ 2012_PRC85-011301R 



Bf of actinide nuclei 

 Influence of triaxiality 

Inner fission barriers 

lowered by 1~2 MeV 

Outer fission barriers 

lowered by 0.5~1 MeV 

 Problems 


230-232Th: out barriers 

primary 


238U: ? 


248Cm: two fission paths 

inner barriers 

outer barriers Empirical values: RIPL-3 (NDS2010) 

Lu_Zhao_SGZ 2012_PRC85-011301R 
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Shapes of L hypernuclei w/ MF models 

 Non-relativistic mean field study of hypernuclei 

An axially deformed Skyrme Hartree-Fock (SHF) model 

Similar shapes of core nuclei & the corresponding 

hypernuclei 

 However, a RMF study reveals 

In most cases the results are similar to the SHF calculations 

Several exceptions, e.g., 13
LC & 29

LSi whose shapes change 

dramatically compared to their corresponding core nuclei 

 

 Different polarization effect of L in SHF & RMF 

 

 

Zhou_Schulze_Sagawa_Wu_Zhao2007_PRC76-034312 

Win_Hagino2008_PRC78-054311 

Schulze_Win_Hagino_Sagawa2010_PTP123-569 



Triaxiality in hypernuclei w/ RMF model 

Skyrme HF RMF 

Spherical Yes Yes 

Axially deformed Yes Yes 

Triaxially deformed Yes ??? 

Triaxially defromed RMF: With an additional L, no significant shape 

change occurs except that the PES becomes softer in the g direction 

 

 

 

What RMF models predict for trixiality in hypernuclei? 

Win_Hagino_Koike2011_PRC83-014301 



Carbon isotopes: w/ & w/o L 

Lu_Zhao_SGZ 2011_PRC84-014328 



Potential energy surfaces of 12C & 13
LC 

Lu_Zhao_SGZ 2011_PRC84-014328 



Silicon isotopes: w/ & w/o L 

Lu_Zhao_SGZ 2011_PRC84-014328 



Potential energy surfaces of 28Si & 29
LSi 

Model dependence 

Parameter dependence 

PK1 

Lu_Zhao_SGZ 2011_PRC84-014328 



Potential energy surfaces of 28Si & 29
LSi 

Model dependence 

Parameter dependence 

PK1 

Lu_Zhao_SGZ 2011_PRC84-014328 
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Superdeformed hypernuclei 
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Superdeformed hypernuclei 

Lu_Hiyama_Sagawa_SGZ 

2014_PRC89-044307 

Lu_Hiyama_Sagawa_SGZ 

2014_PRC89-044307 



Superdeformed hypernuclei 

Isaka_Fukukawa_Kimura 

Hiyama_Sagawa_Yamamoto 

2014_PRC89-024310 

AMD:  Opposite predictions ! 



Superdeformed hypernuclei 

Ebran_Khan_Niksic_Vretenar 2012_Nature487-341 

What about  

Skyrme Hartree-Fock ? 

20Ne 



Recent results w/ Skyrme Hartree-Fock 

RMF:  L more bound  

 in superdeformed state 
 

AMD & SHF: L more bound  

 in ground state 

Zhou_Hiyama_Sagawa 

2016_PRC92-024331 



Contents 

 Introduction 
 

 MultiDimensionally-Constrained CDFTs 
 

 Applications of MDC-CDFTs 

(b20, b22, b30 b322): 1-, 2-, & 3-dim PES of 240Pu 

(b20, b22, b30, b32): Shape polarization effect of L 

(b20, b22, b30, b32): Superdeformed shapes in L hypernuclei 

(b20, b22, b30, b32): Hyperdeformed shapes in actinides 

(b20, b22, b30, b32): Octupole correlations in 123Ba 

(b20, b22, b30, b32): Octupole correlations in MD 

(b20, b22, b30, b32): Nuclear Tetrahedral shapes 
 

 Summary & perspectives 



Hyperdeformed shapes in actinides 
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Hyperdeformed shapes in actinides 
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Hyperdeformed shapes in actinides 
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Octupole correlations in 123Ba 
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Octupole Correlations in MD 
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Non-axial octupole shape in N = 150 isotones 
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Non-axial octupole shape in N = 150 isotones 
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Non-axial octupole shape in N = 150 isotones 

 Y32 correlations from near 

degeneracy of pair of orbitals 

with Dl=Dj=3 & DK=2 

 

 For 248Cf 

p7/2[633] (1i13/2) & p3/2[521] (2f7/2)     

n9/2[734] (1j15/2) & n5/2[622] (2g9/2)    
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