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Abstract

A new type of basis functions is proposed to describe an (e, 3e) process on
helium. This is done in the framework of the first Born approximation approach
presented in Ref. [1]. The basis functions used to expand the three-body so-
lutions are calculated in terms of the recently introduced quasi-Sturmian (QS)
functions [2]. The QS functions satisfy a non-homogeneous Schrodinger equa-
tion with Coulomb interactions and possess outgoing-wave boundary condition.
By construction, the basis functions look asymptotically like a six-dimensional
spherical wave. The transition amplitude for the (e, 3e) process is obtained di-
rectly from the asymptotic part of the wave function. A fast convergence is
achieved for the calculated wave function. An agreement in the shape of differ-
ential cross sections is obtained with the available experimental data. While the
disagreement in magnitude is found with the experimental data, a reasonable
agreement with other ab initio theories is found.
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1 Introduction

The Coulomb three-body scattering problem is one of the most fundamental out-
standing problems in theoretical nuclear, atomic and molecular physics. The primary
difficulty in description of three charged particles in the continuum is imposing ap-
propriate asymptotic behaviors of the wave function.

In order to describe the Coulomb three-body continuum we propose a set of two-
particle functions which are calculated by using the recently introduced so-called
quasi-Sturmian (QS) functions [2]. The QS functions satisfy a two-body non-homo-
geneous Schrodinger equation with the Coulomb potential and an outgoing-wave
boundary condition. Specifically, the two-particle basis functions are obtained, by
an analogy with the Green’s function of two non-interacting hydrogenic atomic sys-
tems, as a convolution integral of two one-particle QS functions. The QS functions
have the merit that they are expressed in a closed form, which allows us to find an ap-
propriate integration path that is useful for numerical calculations of such an integral
representation. We name these basis functions Convoluted Quasi Sturmian (CQS).
Note that by construction, the CQS function (unlike a simple product of two one-
particle ones) looks asymptotically (as the hyperradius p — 00) like a six-dimensional
outgoing spherical wave.

The atomic units are assumed throughout.
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2  Quasi-Sturmian basis functions

2.1 Driven equation

In the approach of Ref. [1] to the (e, 3e) process, the four-body Schrédinger equation is
reduced to the following driven equation for the three-body system (e~, e, He™ ") =
(1,2,3):

{E B H} O (r1,12) = Wy, r2) @0 (r1,12). (1)

2 2
E = %1 + %2 is the energy of the two ejected electrons. The three-body helium
Hamiltonian is given by

- 1 1 2 2 1
H=—-ZA, —ZA, - = -2 4 —, 2
2 ! 2 2 T1 7‘2+7‘12 ()

®O)(ry,ry) represents the ground state of the helium atom. The perturbation oper-
ator Wy; is written as

1 4n
(2m)3 ¢*

where q = k; — k; is the transferred momentum, k; and ky are the momenta of the
incident and scattered electrons.

Wfi(rl, ro) = (—2+ elar 4 eiq“), (3)

2.2 Two-particle quasi Sturmians

Our method of solving the driven equation (1) is to expand the solution in the series

N-1
(I)gj)(rlam) = Z Z CT%D) |”€V)\;LM>Qa (4)
L.\ n,v=0

where the basis

o (B, ra)

[nlvA; LM) o = s

yZL/\M(flva)a (5)
VEY (f1,82) =Y (bmAu [LM) Yo (1) Yau(B2)- (6)

Each function Qfl),‘,(ﬂ is assumed to satisfy the radial equation

‘ A
{E _ ;Lg _ hg} Q%J\z)(Jr)(E;Tl’?Q) — M7 (7)
172

where 92
N 1 10(0+1 2
he:f——+—(+)f— (8)

v 2002 2 r? r;

! are the Laguerre basis functions (b is a real scale parameter),

Yh(r) = [(n+ D)aear] "2 (2br) e L2 (20r), (9)

n
which are orthogonal with the weight %:

oo

[ )3 600) = b (10)

0
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Figure 1: C; is the straight-line path of integration of the convolution integral (11).
The rotated contour Cs penetrates into the region of unphysical energies.
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Figure 2: The deformed contour C3 asymptotically approaches the real energy axis.

In order to obtain the Qfl){,(ﬂ with the outgoing-wave boundary condition, we use

the Green’s function GV (E) [which is the inverse of the operator in the left-hand-
side of Eq. (7)] which can be expressed in the form of the convolution integral [3,4],

GV (B) = - / & G*(V2E) GAH(/2(E - €)), (11)

211
C1

where the path of integration C; in the complex energy plane £ runs slightly above
the branch cut and bound-state poles of G (see Fig. 1). In order to avoid these
singularities we, following the method of Ref. [3], rotate the contour about the point %
by an angle ¢, —m < ¢ < 0. A part of the rotated straight-line contour Cs indicated
by a dashed line in Fig. 1, lies on the unphysical energy sheet, —27 < arg(&) < 0.
Note that GY+) grows exponentially for large |€| in the lower half-plane. In order to
ensure a rapid convergence of the integral in Eq. (11), we deform the contour Cy in
such a way that the resulting path C3 shown in Fig. 2 asymptotically approaches the
real axis.
The one-particle Green’s function operator GY®) kernel satisfies the equation

[5 - ﬁq G'BW2E;r,1") = 6(r — 1) (12)

and can be expressed, e. g., in terms of the Whittaker functions [5]:

1T+ i) ) .

Ge(i)(k’; r, 7"/) = i&m M$ia;l+1/2($21kr<) W;m;e+1/2($2@k’r>)a (13)
where @ = /% = f%. From the formulae above one deduces that Qfl),‘,(ﬂ can be
written as

1
QLD Eiry ) = 5 [ dEQUVVEE M) QUOVEE = Sira), (1)

C3
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where the one-particle QS functions f{'jH) are defined by [2]

T 1
(L) 1. _ 0(£)/1.. 14
Qi) = [ da’ Gk ) < L), (15)
0
2.3 Asymptotic behavior
It follows from the asymptotic behavior of the irregular Whittaker function W that

Q F(k;r) ~ ;2% Se(k) (—=2kr)tHteme/2 gRilkrtoeO) 17 (041 +iar, 2042, T2ikr)
2

T:OO_E né(k) eii(kr—aln@kr)—%e—i-ag(k)), (16)

where oy(k) = argT'(¢ + 1 + i) is the Coulomb phase. Here S, is the sine-like
J-matrix solution [6],

Slh) = 3 [0+ Dpseen]* 2oingyet ooz ymie LS LR
X (—w)" o F1(=n, £+ 140020+ 2;1 — W_Q)’ (17)
where _ b ik 2k
wzezfzm, ¢ = (18)

U(a,b, z) is the Kummer function. Recall that Sy, are formally defined as the coeffi-
cients of the expansion

U (k,r) =Y Sne(k)r(r) (19)
n=0

of the regular Coulomb solution ¥§ [7]

1 B g D0+ 1+ i) , .
\I/C —— 2 +1 7TO¢/2 ikr F 1 2 2_2 2
7 (k) 2( kr) e e —(2€+1)! 1L (04 1+ i 20 + 2; —2ikr), (20)
i.e.,
1
Sualh) = [ dr 20 (r) WE k). (21)

0
The asymptotic behavior of the QS function (14) for 11 — oo and r9 — co simultane-
ously (in the constant ratio tan(¢) = r2/71, where ¢ is the hyperangle) is obtained by
replacing Qfl(ﬂ and Qi(ﬂ by their asymptotic approximation (16) and making use of
the stationary phase method to evaluate the resulting integral along the contour Ci:

1 2 i 1
QYN E;r1,72) e E\/;(QE)B/%“Sne(Pl) Sm(m)%
. Tl + X\
X exp {z [\/QEp — a1 In(2p171) — az In(2pars) + o¢(p1) + oa(p2) — %} },

(22)

where p = \/r? + 72 is the hyperradius, p; = cos(¢)V2E, ps = sin(¢)V2E, a; = —p%,

ag = —p%. Notice that on the left part of the contour C3 where k ~ i|k| and |k| — oo,

the function Q4 behaves like e~?" for large r (rather than e**"). Thus, for larger
scale parameter b, the QS function (14) reaches its asymptotic form of Eq. (22) faster.
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Finally, by inserting Eq. (22) into the Eq. (4), we find the following asymptotic
expression:

(I)ng)(rl, ro) & ﬁ\/g(QE)g/‘l iz exp {Z [\/ﬁp — a1 In(2p171) — az ln(2p27’2)”

Esin p5/2

3"V rl,rg)eXp{ [Ue(Pl)JFUA(p?) @]}

INL

X Z CH™ 80(p1) Sua(p2)- (23)
n,v=0
2.4 Transition amplitude

On the other hand, the asymptotic limit of the Green’s function of the three-body
Coulomb system (e~,e~, He™™) (for p — oo while p’ is finite) reads [1, 8]

(2E)3/4e'T oXP {z’[\/ﬁanWo(rl,rg)}} o

+)( 1. AT /
GHNE;r o), 1)) ~ 2n) 7 k,1,1(,2(141,142)7

where the Coulomb phase W is given by

p 2 2 1 )
Wo(ri,ro) = —— | —— — — 4+ — | In2V2E)p, 25
o( 1,T2) ’_QE( T1 rs | T P ( )

ki = pit1, ki, = pafa. Therefore, from Eq. (1) we obtain that in this region [1]

(2E)3/4 ir exp {z[\/ﬁp + Wo(ry, I‘2)j|}

+) ~
(I)gc (r17r2) ~ (271’)5/2 p5/2 Tkl17k,2’ (26)
where the transition amplitude
Ty, x, = <\I]§<71)k’2 Wi "I’(O)>- (27)

Then, comparing two asymptotic expressions (23) and (26), we find

2
Tk, = E(sil+22(,b) exp {—i [Wo(r1,r2) + a1 In(2p171) + a2 In(2pars)]}
X Z ([ Z CL(EA nl pl)SV)\(p2)‘|
UL n,v=0

< exp {ilano) + st - T2 L SR e). (29

Obviously, the differential cross section is expressed in terms of the ‘reduced’

transition amplitude:

ddo 1 kgkiks
dQldQQdedEldEQ o (277')2 k/’l

(29)

3 Solving driven equation

The QS approach is based on the assumption that the asymptotic behavior of the
basis Sturmian functions is correct. Hence there remains a problem of finding the
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wave function in the finite ‘inner’ spatial region. This calculation can be performed
in the context of a set of square integrable basis functions. In this case, the left-
hand-side of Eq. (1) decreases sufficiently fast to zero as p — oo and therefore can
be approximated by a finite linear combination of L? basis functions. In this work,
we have tried to apply the method for obtaining the solution of the equation (1) by
expanding it into a set of the pure CQS functions (14).

Inserting Eq. (4) into Eq. (1) and having in mind Eq. (7), yields

N7
S [l e N LM )+ VE VN IM) | = Wy | @), (30)
L0/ N n v/ =0
where e( ) )\( )
N T Py, (ry) Yy (r -
| TLKVA,LM >L = T ﬁ)]\\/j(rl,rg) (31)
173

(ex) s

The method of obtaining the expansion coefficients Cn,, is to multiply Eq. (30) by

¢ A
[nlvX; LM), = % D (B1,82), (32)

(see, e. g., Refs. [9-11]), integrate over r1 and ra, and utilize the orthogonality con-
dition o
L <7’L€V)\; LM| n’f’u’)\’; LM >L = (Sn,n/ (51,7,/ (Sg,g/ (5,\7)\/. (33)

As a result, we obtain the following matrix equation:

Z Z |: n,n’ 51/,1/’ 6@,@’ 6)\,X - U»,iff,i\/),/(/el/\,)} Cn LX) — RL(ZA) (34)

L'\ n' v'=

Here Rﬁl(,u) is the projection of the right-hand-side of Eq. (30):

RED = [ ntw); LM|Wy, ‘q><0>>. (35)
Due to the definition
InfuA; LM),, = GV WZXEMZ, (36)
the matrix element
Uflfé:\)y(,e A = r{nlv; LM|r—i2 [n"¢'v' N LM), (37)
can be written as
UL = Lntw; M= G GEXNH) nwﬁfLM>L. (38)

Then using the Laguerre basis (32) completeness, we obtain

nv,n’'v’

1
UL(Z/\)(Z )\) Z L<n€1/)\;LM|—|TL”€IZ/”>\I;LM>L
12

n' v =0

x L (n VN LM |GV

n/ffﬁXTLM>L. (39)

In order to calculate the matrix elements of the Green’s function in the basis of
functions (31)

GG = L{nfoA LM GOV

’nl/’nl/

3y LM> (40)
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we use the convolution integral [9-11]

1
NG 2m/d5Gfl("+’)( /28) GAH(/2(E — €)). (41)

nl/’fll/ vv

Cs

The matrix elements of the one-particle Green’s function G*(+) (13)
[l o) 1
Gl (k) = / / drdr r) GO o) < (1) (42)
00

are expressed in terms of the two independent J-matrix solutions [12]:

2

G (k) = =7 Sue(k) O (k). (43)
C (k) = —/nl(n+20+1) il
nt N e (2sin &)t
Pl +1+ia) (—w)ntt

X Fy(—t+i Lin+0+2+icw?). (44

T+ 1 ia)] Tt 42 i) 2l Hient Lint b4 2+ io;w?). (44)
Our numerical calculations showed that the values of the convolution integrals (41)
along the contour C3 are equal to those on the straight-line path Cs. Note that the
integrand in Eq. (41) does not have exponentially divergent factors unlike that of

Eq. (11).
We approximate UL(D‘)(

nunu

e by a finite sum

(EN) (N LEN(EN) (X)) (+)
Unl/n v’ Z nv,n' v’ n v’ (45)
n /1/// 0
Here Vny(ff?j(,e ) are the matrix elements of % in the basis (32):
N/ 1
VEEIEN) — v LM|— [/ €V X', LM), . (46)
, r12

In our calculations we take N in Eq. (45) to be equal to the number of QS functions
(for each of the coordinates 1 and r2). In order to examine the applicability of the
QS approach, in conjunction with the approximation (45), we study the convergence
of the cross section with increasing N.

4 Results and discussion

We have applied the method outlined above to the problem of electron-impact double
ionization of He. The corresponding fully resolved fivefold differential cross sections
(FDCS) measurements have been performed by the Orsay group [13]. The geometry
of the (e, 3e) process is coplanar with an incident energy Fy = 5599 eV and a small
momentum transfer ¢ = 0.24 a.u. For a fixed value of one of the ejected electron
angles, say, 61, the FDCS is measured as function of the other angle 6.

The energies of the two ejected electrons are By = Es = 10 eV, so that E =
0.737 a.u. Hence for ¢ = 7 we have p1 = p2 = k1 = k2 = 0.859. As for the
scale parameter b, note that the sine-like J-matrix solution (17) depends on the wave
number k through its dependence on w [see Eq. (18)]. Thus, it seems intuitively
obvious that the parameter b must be chosen in such a way that the value of w is
far from its limits wg = 1. In other words, b should be comparable to k; 2. In our
calculations we set b = 0.78.
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Figure 3: The real parts of the first three QS functions.

Note that the asymptotic behavior (22) of the two-particle QS functions (14)
depends upon the indices n and v. It follows from Eq. (17) that this dependence can
be eliminated by dividing Eq. (14) by A% (p1) A} (p2), where

AL (k) = [(n + Do)V 2(—w)" o Fy (-, £+ 1 +ic; 20+ 2,1 —w™2). (47)
The same result can be obtained using modified one-particle QS functions
fl('i‘)(k,. r)

Qvfz(ﬂ(k?; r) = T(k:) (48)

in the integral in Eq. (14). To illustrate the use of the convolution integral represen-
tation (14), we present in Figs. 3 and 4 a few modified CQS functions

~ 1 ~ ~
QY By ) = o / dE Q(V2E,m1) QYV2AE = £)ira) - (49)
Cs

for £ = A\ = 0 on the diagonal r; = 75 = p/v/2. The energy £ on the contour Cs is
parametrized in the form

E

E_y
5:t+i12+—t2, (50)

-0,11

Figure 4: The same as Fig. 3 but for the imaginary parts.
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Figure 5: Convergence of FDCS for the He(e,3e)He™ ™ reaction with increasing N
and comparison with experimental data [13].

where ¢ runs from oo to —oo.
To find the helium ground-state function ®!
Hamiltonian (2) in the basis

), we diagonalize the matrix of the

‘ ‘
r r S
|7’I,I/€> = Xn( 1)Xu( 2) ygé(r1;r2)7 (51)
rir2
where )
XA () = /260 [(n + 1)2042] "7 (2bgr) e L2442(2bgr). (52)
In doing this, we limit ourselves to ;0 = 5 and Nz = Vimaz = 20. Choosing the
basis parameter by = 1.688, we obtain Ey = —2.903542 a.u. for the ground state
energy.

We restrict ourselves to the maximal value of the total angular momentum Lmax =
2 and set the maximal angular momentum quantum numbers £ and A to be 3 in the
expansion (4). We examine the differential cross section convergence with increasing
number N of the one-particle QS functions Qfl(ﬂ and Q;\H), nv =20...,.N—1
[see Eq. (15)] employed in the basis. A very good convergence of our numerical
procedure is displayed in Fig. 5 where the FDCS (29) for §; = 27° calculated with
different N are plotted. This result is surprising keeping in mind the aforementioned
shortcoming of the CQS basis functions (14) asymptotic behavior, which results in
noncompactness of Eq. (1). In Fig. 5 we show results for FDCS (29) in comparison
with the experimental data [13]. The results are in agreement in shape, but not in
magnitude, with the experiment.
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