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High-energy electron-impact double ionization of helium. The coplanar experimental data correspond to a fast scattered electron of

Es = 5500 eV; the energies of the ejected electrons are E1 = E2 = 10 eV, one electron being fixed at θ1 while the angle θ2 of the

other electron varies.

A.Kheifets et. al. J. Phys. B 32, 5047 (1999)
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Three-body system (e−,e−,He++) = (1,2,3)

[
E − Ĥ

]
Φ

(+)
sc (r1, r2) = Ŵfi(r1, r2)Φ(0)(r1, r2). (1)

E =
k2

1
2 +

k2
2
2 .

G.Gasaneo et. al. Phys. Rev. A 87, 042707 (2013)

Ĥ = −1
2
4r1 −

1
2
4r2 −

2
r1
− 2

r2
+

1
r12
, (2)

Ŵfi(r1, r2) =
1

(2π)3
4π
q2 (−2 + eiq·r1 + eiq·r2), (3)

q = ki − kf .
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Solution

Expansion

Φ
(+)
sc (r1, r2) =

∑
L,`,λ

N−1∑
n,ν=0

CL(`λ)
nν |n`νλ; LM〉Q , (4)

Basis

|n`νλ; LM〉Q ≡
Q`λ(+)

nν (E ; r1, r2)

r1r2
YLM
`λ (r̂1, r̂2). (5)

Spherical Harmonics

YLM
`λ (r̂1, r̂2) =

∑
mµ

(`mλµ |LM )Y`m(r̂1)Yλµ(r̂2). (6)
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Radial Part

Equation[
E − ĥ`1 − ĥλ2

]
Q(`λ)(+)

nν (E ; r1, r2) =
ψ`n(r1)ψλν (r2)

r1r2
, (7)

Radial Operators

ĥ` = −1
2
∂2

∂r2 +
1
2
`(`+ 1)

r2 − 2
r
, (8)

Laguerre Basis Function

ψ`n(r) = [(n + 1)2`+1]−
1
2 (2br)`+1e−br L2`+1

n (2br). (9)

b is the basis scale parameter.
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Convolution of Green’s Functions

Ĝ(`λ)(+)(E) =
1

2πi

∫
C1

dE Ĝ`(+)(
√

2E)Ĝλ(+)(
√

2(E − E)). (10)

[
E − ĥ`1 − ĥλ2

]
G(`λ)(+)(E ; r1, r2; r ′1, r

′
2) = δ(r1−r ′1)δ(r2−r ′2). (11)[

E − ĥ`
]

G`(±)(
√

2E ; r , r ′) = δ(r − r ′). (12)

G`(±)(k ; r , r ′) = ± 1
ik

Γ(`+1±iα)
(2`+1)! M∓iα;`+1/2(∓2ikr<)

×W∓iα;`+1/2(∓2ikr>),
(13)

k =
√

2E , α = µZ
k = −2

k .
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Path of Integration
R.Shakehaft, Phys. Rev. A 70, 042704 (2004)
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Path of Integration II

C E E

Im  E

2 Re
3

Figure: The contours C3.
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Convolution of Quasi Sturmians

Q(`λ)(+)
nν (E ; r1, r2)

= 1
2πi

∫
C3

dE Q`(+)
n (

√
2E ; r1)Qλ(+)

ν (
√

2(E − E); r2). (14)

Q`(±)
n (k ; r) =

∞∫
0

dr ′G`(±)(k ; r , r ′)
1
r ′
ψ`n(r ′). (15)

J.A.Del Punta et. al. J. Math. Phys. 55, 052101 (2014)

Q`(±)
n (k ; r) = − [(n + 1)2`+1]−

1
2 (2br)`+1 e−br 2

(λ∓ik)

×
1∫
0

dz (1− z)`±iα(1− ω±1z)`∓iα(1− z − ω±1z)n

×exp (z [b ± ik ] r) L2`+1
n

(
(1−z)(1−ω±1z)

(1−z−ω±1z)
2br
)
, ω ≡ eiξ = b+ik

b−ik .

(16)
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Real Parts of CQS
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Imaginary Parts of CQS
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Asymptotic Forms

One-Particle Quasi Sturmian Function

Q`(±)
n (k ; r) ∼

r→∞
−2

k
Sn`(k) e±i{kr−α ln(2kr)−π`2 +σ`}. (17)

Two-Particle Quasi Sturmian Function

Q(`λ)(+)
nν ∼ 1

E

√
2
πSn`(p1)Sνλ(p2)(2E)3/4e

iπ
4

×
exp

{
i
[√

2Eρ+σ`+σλ−π(`+λ)
2 −α1 ln(2p1r1)−α2 ln(2p2r2)

]}
√
ρ .

(18)

ρ =
√

r2
1 + r2

2 , tanφ = r2/r1,

p1 =
√

2E cosφ, p2 =
√

2E sinφ,
α1 = −2

p1
, α2 = −2

p2
.
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The real and imaginary parts of the CQS function Q(00)(+)
00 on the diagonal r1 = r2 = ρ/

√
2 (red lines). The real and imaginary

components of the corresponding asymptotic representation (18) (blue lines).
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Solution

Solution Asymptotic Behavior

Φ
(+)
sc (r1, r2) ≈ 2

E sin(2φ)

√
2
π (2E)3/4

×e
iπ
4

exp{i[
√

2Eρ−α1 ln(2p1r1)−α2 ln(2p2r2)]}
ρ5/2

×
∑̀
λL

([
N−1∑

n,ν=0
CL(`λ)

nν Sn`(p1)Sνλ(p2)

]
×exp

{
i
[
σ`(p1) + σλ(p2)− π(`+λ)

2

]}
YLM
`λ (r̂1, r̂2)

)
.

(19)
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Green’s Function
S. P. Merkuriev and L. D. Faddeev, Quantum Scattering Theory for Several Particle Systems

Green’s Function Asymptotic Behavior

G(+)(E ; r1, r2; r′1, r
′
2) ≈ (2E)3/4e

iπ
4

(2π)5/2

×exp{i[
√

2Eρ+W0(r1,r2)]}
ρ5/2 Ψ

(−)∗
k′1,k

′
2
(r′1, r

′
2),

(20)

The Coulomb phase W0

W0(r1, r2) = − ρ√
2E

(
−2
r1

+
−2
r2

+
1

r12

)
ln 2
√

2Eρ. (21)

k′1 = p1r̂1, k′2 = p2r̂2.
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Solution II

Solution Asymptotic Behavior

Φ
(+)
sc (r1, r2) ≈ (2E)3/4e

iπ
4

(2π)5/2

exp
{

i
[√

2Eρ+ W0(r1, r2)
]}

ρ5/2 Tk′1,k
′
2
,

(22)

Transition Amplitude

Tk′1,k
′
2

=
〈

Ψ
(−)
k′1,k

′
2

∣∣∣ Ŵfi

∣∣∣Φ(0)
〉
. (23)
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Cross Section

Transition Amplitude

Tk′1,k
′
2

= (4π)2

E sin(2φ)

×exp {−i [W0(r1, r2) + α1 ln(2p1r1) + α2 ln(2p2r2)]}

×
∑̀
λL

([
N−1∑

n,ν=0
CL(`λ)

nν Sn`(p1)Sνλ(p2)

]
× exp

{
i
[
σ`(p1) + σλ(p2)− π(`+λ)

2

]}
YLM
`λ (r̂1, r̂2)

)
.

(24)

Differential Cross Section

d5σ

dΩ1dΩ2dΩf dE1dE2
=

1
(2π)2

kf k1k2

ki

∣∣∣Tk′1,k
′
2

∣∣∣2 . (25)
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Matrix Equation

Equation for CL(`′λ′)
n′ν′∑

L,`′,λ′
n′,ν′

CL(`′λ′)
n′ν′

[
| ˜n′`′ν ′λ′; LM

〉
L

+V̂ C
3 |n

′`′ν ′λ′; LM〉Q
]

= Ŵfi
∣∣Φ(0)

〉
,

(26)

| ˜n`νλ; LM 〉L ≡
ψ`n(r1)ψλν (r2)

r2
1 r2

2
YLM
`λ (r̂1, r̂2). (27)

|n`νλ; LM〉L ≡ r1r2 | ˜n`νλ; LM 〉L , (28)

L 〈n`νλ; LM| ˜n′`′ν ′λ′; LM 〉L = δn,n′δν,ν′δ`,`′δλ,λ′ . (29)
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Matrix Equation II

∑
L,`′,λ′

N−1∑
n′,ν′=0

[
δn,n′δν,ν′δ`,`′δλ,λ′

− UL(`λ)(`′λ′)
nν,n′ν′

]
CL(`′λ′)

n′ν′ = RL(`λ)
nν .

(30)

RL(`λ)
nν = L 〈n`νλ; LM|Ŵfi

∣∣∣Φ(0)
〉
. (31)

UL(`λ)(`′λ′)
nν,n′ν′ = L 〈n`νλ; LM| 1

r12

∣∣n′`′ν ′λ′; LM
〉

Q (32)

UL(`λ)(`′λ′)
nν,n′ν′ = L 〈n`νλ; LM| 1

r12
Ĝ(`′λ′)(+)

∣∣∣ ˜n′`′ν ′λ′; LM
〉

L

=
N−1∑

n′′ν′′=0
L 〈n`νλ; LM| 1

r12
|n′′`′ν ′′λ′; LM〉L

×L

〈
˜n′′`′ν ′′λ′; LM

∣∣∣Ĝ(`′λ′)(+)
∣∣∣ ˜n′`′ν ′λ′; LM

〉
L
.

(33)
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Matrix Elements of The Green’s Function

G(`λ)(+)
nν,n′ν′ = L

〈
˜n`νλ; LM

∣∣∣Ĝ(`λ)(+)
∣∣∣ ˜n′`ν ′λ; LM

〉
L

(34)

G(`λ)(+)
nν,n′ν′ =

1
2πi

∫
C2

dE G`(+)
nn′ (
√

2E)Gλ(+)
νν′ (

√
2(E − E)). (35)

2C

C

E E

Im  E

2
Re

1
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Convergence of the differential cross section for the He(e, 3e)He++ reaction as N increases.The coplanar experimental data

correspond to a fast scattered electron of Es = 5500 eV; the energies of the ejected electrons are E1 = E2 = 10 eV, one electron

being fixed at θ1 = 270 while the angle θ2 of the other electron varies.
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Summary

Two-particle basis functions are proposed which, by analogy with the Green’s function of two non-interacting
hydrogenic atomic systems, are expressed as a convolution integral of two one-particle QS functions.

The asymptotic limit for these basis functions in the region Ω0 is expressed in closed form as a
six-dimensional outgoing spherical wave which allows one to obtain an explicit closed-form result for the
transition amplitude.

It is very surprising, in view of the fact that the equation is non-compact on the basis set, the convergence is
achieved in our calculations.

Outlook
Q̃(`λ)(+)

nν (E ; r1, r2) = eiW3(r1,r2)Q(`λ)(+)
nν (E ; r1, r2), (36)

W3(r1, r2) = −
ρ
√

2E

1

r12
ln 2
√

2Eρ. (37)
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Thanks for attention!
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