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Chiral nuclear forces: !
State of the art and future perspectives



Seemingly very simple formulation is responsible for extremely complex phenomena!

Quark Quark

Gluon

 Facets of strong interactions

From QCD to nuclear physics
lattice nuclear physics

effective chiral Lagrangian (low-energy) nuclear physics



 

Chiral perturbation theory

Ideal world [                       ], zero-energy limit: non-interacting massless GBs !
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs !
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

mu = md = 0

1

mu, md ⌧ �QCD
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 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 

Le� = L⇥ + L⇥N

LEC N2LO fits ⇧ + ⌅+ ⌃
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1S0 �(0.12 . . . 0.16) �0.12
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1S0 (1.16 . . . 1.37) 1.28
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3S1 �(0.13 . . . 0.16) �0.10
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3S1 (0.42 . . . 0.72) 0.66
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�1 �(0.36 . . . 0.47) �0.41
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Chiral Perturbation Theory: expansion of the scattering amplitude in powers of
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Use NDA [power counting] to estimate the importance of renormalized diagrams: 
Vertices with more derivatives are suppressed 
Pion loops are suppressed 
At any order, a finite number of vertices and Feynman diagrams contribute

To simplify calculations, expand L in 1/m [Foldy-Wouthuysen/Heavy-Baryon expansion] 
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Example: quark mass dependence of m:

Σ(0) = + + + …δm c1 Mπ2

~ Q0 ~ Q2 ~ Q3

T = V + V G0T = V + V G0V + V G0V G0V + . . .

⇢S(~n ) =
X

i,j,k

a†i,j(~n )[�S]ikak,j(~n )

GS1S2(~n ) ⌘ hrS1⇡I(~n, nt)rS2(~0, nt)i

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2
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Z 1
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V (q1, q2, q3) =
20X

i=1

Gi Fi(q1, q2, q3) + permutations

ZA(t) ⌘ h A| exp(�tH)| Ai t!1�! ↵ exp(�tEGS
A )

EA(t) = �@[lnZA(t)]/@t, EA(t)
t!1�! EGS

A

V (r12, r23, r31) =
20X

i=1

G̃i Fi(r12, r23, r31) + permutations

ci

D

1

Use NDA [power counting] to estimate the importance of renormalized diagrams: 
Vertices with more derivatives are suppressed 
Pion loops are suppressed 
At any order, a finite number of vertices and Feynman diagrams contribute

To simplify calculations, expand L in 1/m [Foldy-Wouthuysen/Heavy-Baryon expansion] 
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Use NDA [power counting] to estimate the importance of renormalized diagrams: 
Vertices with more derivatives are suppressed 
Pion loops are suppressed 
At any order, a finite number of vertices and Feynman diagrams contribute

To simplify calculations, expand L in 1/m [Foldy-Wouthuysen/Heavy-Baryon expansion] 
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Example: quark mass dependence of m:
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Use NDA [power counting] to estimate the importance of renormalized diagrams: 
Vertices with more derivatives are suppressed 
Pion loops are suppressed 
At any order, a finite number of vertices and Feynman diagrams contribute

To simplify calculations, expand L in 1/m [Foldy-Wouthuysen/Heavy-Baryon expansion] 
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Chiral EFT for nuclear systems

Naive application of power counting to NN scattering seem to suggests perturbativeness!
(i.e. no bound states…)              

~ Q0 ~ Q2 ~ Q4~

However, diagrams involving NN intermediate states are infrared-divergent in the limit of !
              (due to pinch singularity). For finite m, reducible diagrams are infrared-finite but 
enhanced and need to be re-summed (e.g. by solving the LS equation).              

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1
⇢S(~n ) =

X

i,j,k

a†i,j(~n )[�S]ikak,j(~n )
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Z d4l
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32⇡
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◆

renorm.�! � 3g2A
32⇡F 2
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Z 1

�1
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 Main steps in the derivation of nuclear 

forces in the method of UT

1. Begin with the most general chiral-invariant effective Lagrangian for π, N [+ possibly Δ]

2. Apply standard canonical formalism to switch to πN Hamiltonian

3. Apply unitary transformation in Fock space to decouple purely nucleonic space !
    [i.e. our „model space“] from the rest

H ! H̃ = U †

1

U =

1

H̃nucl

1

H̃rest

1

0

1

0

1

For U use a minimal Okubo-parametrization in 
terms of  

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

ci

D

A = �A⌘, �(H � [A, H]� AHA)⌘ = 0

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
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[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1
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⇣
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⇤
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⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
q
⇤

⌘

max[⇤] ⇠ 600 MeV

1

(solved perturbatively in terms of chiral expansion)

4. Apply all possible UTs on the η-subspace consistent with a given chiral order!
    [e.g. static N3LO nucl.: 6 additional angles αi, Δ-contributions: 50 additional αΔi …]

5. Evaluate 2-body, 3-body, … momentum-space MEs of the resulting              

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

ci

D

⌘U †HU⌘

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
V (~p 0, ~l1) V (~l1, ~l2) . . . V (~ln�1, ~p)

[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1
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1⇡ |p,↵i = hp0,↵0|V1⇡|p,↵i F
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⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
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⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
q
⇤

⌘

max[⇤] ⇠ 600 MeV

1

6. Demand renormalizability of nuclear potentials.  This fixes some of the αi and αΔi and!
    leads to unique (static) expressions.  

7. Calculate the πN system to the same accuracy to determine the relevant LECs, tune NN, !
    NNN, … contact terms to nuclear observables.

EE, Glöckle, Meißner ’98



 Nuclear chiral effective field theory
Weinberg, van Kolck, Kaiser, EE, Glöckle, Meißner, Entem, Machleidt...

- Schrödinger eq. for nucleons interacting via contact forces + long-range potentials (π-exchanges)
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derived in ChPT

- access to heavier nuclei (ab initio few-/many-body methods) 
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)



Example:  chiral 2π-exchange potential proportional to gA
4 :

 From  Leff  to nuclear forces
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Example:  chiral 2π-exchange potential proportional to gA
4 :

model independent, 
constrained by χ-symmetry

The integral has logarithmic and quadratic diver-
gences can be absorbed into short-range terms:

where the loop function is given by (in DR):  

 From  Leff  to nuclear forces



 Chiral expansion of the 2π exchange
Kaiser, Brockmann, Weise ’97



 Chiral expansion of the 2π exchange

The profile functions (in Dimensional Regularization)
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Is there any evidence !
from NN data?

Kaiser, Brockmann, Weise ’97



 Chiral two-pion exchange and NN data 

b
EM  +  [Nijm78; 1π; 1π+2π]

Energy-dependent 
boundary condition

Nijmegen Partial Wave Analysis

Number of BC parameters needed to achieve !
χ2datum ~ 1 for a given long-range part (input)

31 (1π)  ➙  28 (1π + 2π [NLO])  ➙  23 (1π + 2π [N2LO])

Rentmeester et al.’99,‘03

Birse, McGovern ’06„Deconstructing“ neutron-proton phase shufts
Idea: Subtract effects of the long-range interaction from phase shifts (DWBA) and look at the 
residual energy dependence 

1D2

only 1π exchange  
subtracted

1π + 2π exchange  
subtracted



 How to renormalize the Schrödinger Eq?
Lowest-order NN potential: V (0)

2N = � g2A
4F 2
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Complication: iterations of the LS equation 
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renormalizable LO equation based on manifestly Lorentz-invariant Lagrangian 

higher-order corrections (e.g. two-pion exchange) to be treated perturbatively in progress...
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Figure 2: Neutron-proton phase shifts and mixing angles calculated using N3LO �EFT potentials of
Ref. [10] (shaded bands) and Ref. [9] (dashed lines) in comparison with the Nijmegen [11] (filled circles)
and SAID [12] (open triangles) partial wave analyses. Also shown are leading-order cutoff-independent
results of Ref. [13] (dotted lines).

The most interesting part of the novel chiral NN force is two-pion (2⇥-) exchange which con-
stitutes the second-longest contribution to the NN potential and, therefore, has significant impact
on the energy dependence of the scattering amplitude. Indeed, its evidence has been confirmed
in the partial wave analysis of the Nijmegen group [14], see also [15]. In agreement with expec-
tations based on phenomenological studies, one observes a very strong attractive isoscalar central
potential. This by far the strongest 2⇥-exchange contribution emerges, however, only at next-to-
next-to-leading order (N2LO) as a correction to the nominally dominant 2⇥-exchange potential at
next-to-leading order (NLO). This peculiar pattern is well understood and can be traced back to
the intermediate excitation of the �(1232) isobar at one of the nucleons which gives rise to a very
strong attractive isoscalar central NN force [8, 16, 17]. In the standard formulation of �EFT based
on pions and nucleons as the only explicit DOFs, all effects of the � (and heavier resonances as
well as heavy mesons) are hidden in the (renormalized) values of (some of the) LECs starting from
the subleading effective Lagrangian. As a consequence, the phenomenologically important 2⇥-
exchange mechanism driven by the � excitation appears only at subleading order from diagrams
involving one insertion of the subleading pion-nucleon vertex. The values of the corresponding
LECs c3,4 are, to a large extent, driven by the � isobar [18] and turn out to be rather large in magni-
tude. It is possible to improve the convergence of the EFT expansion by treating the �-isobar as an
explicit DOF in the effective Lagrangian and counting m� �mN ⇥ M⇥ = O(Q) [19], see also [20]
for an alternative counting scheme. In such a �-full theory, the major part of the strong attractive
2⇥-exchange potential is shifted from N2LO to NLO, while the LECs c3,4 take more natural values
[17].

Having developed �EFT for the NN system, it is natural to address the question of the light
quark-mass- (mq-) dependence of the nuclear force and observables such as e.g. the deuteron bind-
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Fig. 1. Cuts of the partial wave NN amplitude in the complex s-plane. The first,
second and third left-hand cuts start at s = 4m2

N � (nM�)2, n = 1, 2, 3. The first
and second right-hand cuts due to inelastic channels start at the one- and two-pion
production thresholds s = (2mN + nM�)2 with n = 1, 2. Further, µM denotes the
matching point as explained in the text.

corresponding to the deuteron bound state in the 3S1�3D1 channel, there are
right- and left-hand cuts as shown in Fig. 1. The right-hand cuts correspond to
intermediate states in the s-channel and start from the two-nucleon threshold,
s = 4m2

N .

The discontinuity of the amplitude across this cut is determined by the uni-
tarity condition

�T (s) ⇤ 1

2 i
(T (s+ i�)� T (s� i�)) = T (s+ i�) ⇤(s)T (s� i�) + . . . , (1)

where the dots stand for inelastic channel contributions which start at the
pion production threshold, s = (2mN +M�)2. The phase-space function ⇤(s)
and the amplitude T (s) in Eq. (1) turn into 2 ⇥ 2 matrices for the coupled
partial waves.

It is advantageous to discriminate between the two sources of branch cuts in
the scattering amplitudes. The so-called generalized potential U(s) collects
all contributions emerging from the left-hand cuts only. Given the generalized
potential, the full scattering amplitudes may be reconstructed in terms of the
non-linear integral equation

T (s ) = U(s ) +
� ⇤

4m2
N

ds⇥

⇥

s� µ2
M

s⇥ � µ2
M

T (s) ⇤(s⇥)T �(s⇥)

s⇥ � s� i�
. (2)

Obviously, the solution of this equation recovers the right-hand cut in agree-
ment with the elastic unitarity constraints. Since we neglect the contributions
from inelastic channels in Eq. (1), U(s) is well-defined only up to some s = ⇥s

below which the inelastic contributions are small. We choose this value to
correspond to the two-pion production threshold ⇥s = (2mN + 2M�)2. The
dependence of our results on a particular choice of ⇥s will turn out to be
rather weak, see section 4. At the matching point s = µ2

M , the scattering
amplitude T (s) per construction equals the generalized potential U(s). We

3

Calculate the discontinuity of the amplitude along 
the left-hand cut using ChPT 

Reconstruct the amplitude in the physical region !
using dispersion relations + analytic cont. (conformal mapping)

Renormalitazion and power counting

Albaladejo, Oller ’11,’12; Gasparyan, EE, Lutz ’12;  Guo, Oller, Rios ’13

van Kolck, Pavon Valderrama, Brise, Gegelia, EE, Machleidt, … 

Nuclear parity violation Schindler, Viviani, Kievski, Girlanda, de Vries, van Kolck, Kaiser, Meißner, EE, …

Role of 2π-exchange

Partial wave analysis Rentmeester et al.,  Birse, McGovern,  Navarro Perez, Ruiz Arriola et al.

Error propagation in nuclear observables

New generation of chiral NN potentials
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 New chiral NN interactions
Already available:

Fully local potentials @ LO, NLO, N2LO [R0 = 1.0, 1.1 and 1.2 fm and ΛSFR 
= 0.8…1.4 GeV] Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (13) 032501; !

Gezerlis, Tews, EE, Freunek, Gandolfi, Hebeler, Nogga, Schwenk, arXiv:1406.0454; !
Lynn, Carlson, EE, Gandolfi, Gezerlis, Schwenk, arXiv:1406.2787 

In development/testing
New version of local-chiral potentials @ LO, NLO, N2LO [ΛSFR up to Infinity, 
PWD MEs and operator form both in r-space and p-space] 

[in collaboration with: Krebs, Nogga, Meißner, Golak, Skibinski, Witala, Kamada]

New improved-chiral potentials up to N3LO [ΛSFR up to Infinity, PWD MEs 
and operator form in p-space] 

Optimized N2LO chiral nuclear force (tune LECs to reduce the impact of 3NF 
in the > 2N systems) Ekström, Baardsen, et al. ’13.  Justified from EFT point of view?

Local regulator preserves the analytic structure of the amplitude and allows 
to minimize cutoff artifacts ➙ better performance at high energies! 
No need for SFR cutoff, can accommodate for LECs from πN 
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neutron-proton phase shifts on i-chiral 2NF at LO, NLO, N2LO and N3LO (w.o. 1/m)

 i-chiral 2NF: Order-by-order improvement

N3LO

N2LO
NLO

LO

R0 = 0.9 fm,  ΛSFR = Infinity [i.e. DR]



 Cutoff dependence: i-chiral vs old EGM’04
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 l-chiral 2NF: elastic nd scattering order-by-order
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Figure 5: nd elastic scattering observables at EN = 10 MeV calculated at di⇥erent orders in
the chiral expansion using the local NN potential. All results correspond to R0 = 1 fm and
�SFR = 2 GeV.
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3 MeV:

R0 = 1 fm  !
ΛSFR = 2 GeV

EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation
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Figure 6: nd elastic scattering observables at EN = 65 MeV calculated at di⇥erent orders in
the chiral expansion using the local NN potential. All results correspond to R0 = 1 fm and
�SFR = 2 GeV.
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65 MeV:

l-chiral 2NF: elastic nd scattering order-by-order

R0 = 1 fm  !
ΛSFR = 2 GeV

EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation
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Figure 9: nd elastic scattering observables at EN = 65 MeV calculated at di⇥erent orders in the
chiral expansion using the nonlocal (left panel) and local (right panel) chiral NN potentials. For
the local potential, the bands correspond to the variation R0 = 1.0 . . . 1.2 fm and �SFR = 1 . . . 2
GeV.
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65 MeV:

local NLO/N2LO: !
      R0 = 1...1.2 fm, !
      ΛSFR = 1...2 GeV

nonlocal NLO/N2LO/N3LO: !
      Λ = 450...600 MeV, !
      ΛSFR = 500...700 MeV

nd scattering with I-chiral 2NF: Cutoff dependence
EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation



 
Three-nucleon force: !
Status  and ongoing developments
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3NF structure functions at large distance are!
model-independent and parameter-free predictions!
based on χ symmetry of QCD + exp. information on πN system
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NLO (Q2)

Weinberg ’91, van Kolck ’94
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Bernard, Kaiser, Meißner ’97
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⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧
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LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)
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b4 [GeV�1] 0.14± 0.39 �0.67± 0.54
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  Chiral expansion of the 3NF (Δ-less EFT)
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 Longest-range 3NF up to N4LO
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2
�gA � 2gA(5c2 + 18c3)

⌘ i

� g2A
768�2F 6

�

L(q2)
⇣
M2

� + 2q22
⌘ ⇣

4M2
�(6c1 � c2 � 3c3) + q22(�c2 � 6c3)

⌘
,

B(5)(q2) = � gA
2304�2F 6

�

h
M2

�

⇣
F 2
�

⇣
1152�2d̄18c4 � 1152�2gA(2ē17 + 2ē21 � ē37)
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F

2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]

Longest-range 3NF up to N4LO
πN phase shifts in HB ChPT up to Q4 (KH PWA)
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The determined values of LECs
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c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

Q4 + �3 fit to KH �0.91 1.58 �2.03 1.28 2.35 �3.88 1.23 �5.26 �0.14 �6.52 2.45 �0.37 2.96

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 fit to GW �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �5.80 1.76 �0.58 0.96

Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

3NF „structure functions“

1

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

Q4 + �3 fit to KH �0.91 1.58 �2.03 1.28 2.35 �3.88 1.23 �5.26 �0.14 �6.52 2.45 �0.37 2.96

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 fit to GW �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �5.80 1.76 �0.58 0.96

Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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 Most general structure of a IC local 3NF

2

Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = τ 1 · τ 3 G̃2 = τ 1 · τ 3

G3 = σ⃗1 · σ⃗3 G̃3 = σ⃗1 · σ⃗3

G4 = τ 1 · τ 3σ⃗1 · σ⃗3 G̃4 = τ 1 · τ 3 σ⃗1 · σ⃗3

G5 = τ 2 · τ 3σ⃗1 · σ⃗2 G̃5 = τ 2 · τ 3 σ⃗1 · σ⃗2

G6 = τ 1 · (τ 2 × τ 3)σ⃗1 · (σ⃗2 × σ⃗3) G̃6 = τ 1 · (τ 2 × τ 3) σ⃗1 · (σ⃗2 × σ⃗3)

G7 = τ 1 · (τ 2 × τ 3)σ⃗2 · (q⃗1 × q⃗3) G̃7 = τ 1 · (τ 2 × τ 3) σ⃗2 · (r̂12 × r̂23)

G8 = q⃗1 · σ⃗1q⃗1 · σ⃗3 G̃8 = r̂23 · σ⃗1 r̂23 · σ⃗3

G9 = q⃗1 · σ⃗3q⃗3 · σ⃗1 G̃9 = r̂23 · σ⃗3 r̂12 · σ⃗1

G10 = q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃10 = r̂23 · σ⃗1 r̂12 · σ⃗3

G11 = τ 2 · τ 3q⃗1 · σ⃗1q⃗1 · σ⃗2 G̃11 = τ 2 · τ 3 r̂23 · σ⃗1 r̂23 · σ⃗2

G12 = τ 2 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗2 G̃12 = τ 2 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗2

G13 = τ 2 · τ 3q⃗3 · σ⃗1q⃗1 · σ⃗2 G̃13 = τ 2 · τ 3 r̂12 · σ⃗1 r̂23 · σ⃗2

G14 = τ 2 · τ 3q⃗3 · σ⃗1q⃗3 · σ⃗2 G̃14 = τ 2 · τ 3 r̂12 · σ⃗1 r̂12 · σ⃗2

G15 = τ 1 · τ 3q⃗2 · σ⃗1q⃗2 · σ⃗3 G̃15 = τ 1 · τ 3 r̂13 · σ⃗1 r̂13 · σ⃗3

G16 = τ 2 · τ 3q⃗3 · σ⃗2q⃗3 · σ⃗3 G̃16 = τ 2 · τ 3 r̂12 · σ⃗2 r̂12 · σ⃗3

G17 = τ 1 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃17 = τ 1 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗3

G18 = τ 1 · (τ 2 × τ 3)σ⃗1 · σ⃗3σ⃗2 · (q⃗1 × q⃗3) G̃18 = τ 1 · (τ 2 × τ 3) σ⃗1 · σ⃗3 σ⃗2 · (r̂12 × r̂23)

G19 = τ 1 · (τ 2 × τ 3)σ⃗3 · q⃗1q⃗1 · (σ⃗1 × σ⃗2) G̃19 = τ 1 · (τ 2 × τ 3) σ⃗3 · r̂23 r̂23 · (σ⃗1 × σ⃗2)

G20 = τ 1 · (τ 2 × τ 3)σ⃗1 · q⃗1σ⃗3 · q⃗3σ⃗2 · (q⃗1 × q⃗3) G̃20 = τ 1 · (τ 2 × τ 3) σ⃗1 · r̂23 σ⃗3 · r̂12 σ⃗2 · (r̂12 × r̂23)

TABLE I: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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We adopt now a new basis with 80 operators which can be generated by 20 operators given in momentum and
coordinate space in Table I. We also give relations between old and new structure functions Fi: In order to distinguish

n
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Most general local isospin-conserving 3NF can be written via
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µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

V (q1, q2, q3) =
20X

i=1

Gi Fi(q1, q2, q3) + permutations

V (r12, r23, r31) =
20X

i=1

Gi Fi(r12, r23, r31) + permutations

ci

D

⌘U †HU⌘

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
V (~p 0, ~l1) V (~l1, ~l2) . . . V (~ln�1, ~p)

[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1

hp0,↵0|V reg
1⇡ |p,↵i = hp0,↵0|V1⇡|p,↵i F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
p0

⇤
, p
⇤

⌘

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

V (q1, q2, q3) =
20X

i=1

Gi Fi(q1, q2, q3) + permutations

V (r12, r23, r31) =
20X

i=1

G̃i Fi(r12, r23, r31) + permutations

ci

D

⌘U †HU⌘

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
V (~p 0, ~l1) V (~l1, ~l2) . . . V (~ln�1, ~p)

[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1

hp0,↵0|V reg
1⇡ |p,↵i = hp0,↵0|V1⇡|p,↵i F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
p0

⇤
, p
⇤

⌘

1

(2 operators out of the 22 given in Krebs, Gasparyan, EE, PRC87 (2013) 
are redundant  EE, Gasparyan, Krebs, Schat, to appear)
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

tree level (N2LO)
+ N3LO
+ N4LO

 Long-range 3NF up to N4LO (preliminary)

-6

-4

-2

 0

 2
F4

-0.05
-0.04
-0.03
-0.02
-0.01

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

-40

-20

 0

 20

 40
F15

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0.5

 1

 1.5

 2

1 1.5 2
r [fm]

F18

2 2.5 3  0

 0.002

 0.004

 0.006

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3
-0.25
-0.2
-0.15
-0.1
-0.05

r [fm]

EE, Gasparyan, Krebs, Schat, to appear 



a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

ring2π-1π 2π

 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02



 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02



 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02

✓  no effect upto N2LO (modulo reshuffling) !

✓  large contributions to the ring & 2π-1π-!
     topologies saturating some of the !
      N4,5,6LO graphs in the Δ-less theory!

✓  What is more efficient: Δ-less N4LO (and !
      beyond?) vs Δ-full N3LO ??  
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FIG. 7: Results of the fit for πN s, p and d-wave phase shifts using the KH partial wave analysis of Ref. [52]. The solid curves
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calculation.

To explore delta-resonance saturation of the LECs ei from L(4)
πN which enter the order-Q4 pion-nucleon amplitude, we

need to analyze the following terms:

• 1/∆3-contributions from ϵ1-amplitude

• 1/∆2-contributions from ϵ2-amplitude (these terms vanish after renormalization of hA),

• 1/∆-contributions from ϵ3-amplitude.

The complete contribution of the delta to these LECs is given by a sum of these terms and has the form:

ē14(∆) =
h2
A
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,
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πN phase shifts in HB ChPT up to Q4 (KH PWA)

�/�n
⇤, � = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⌅

C̃res
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Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…
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Krebs, Gasparyan, EE, to appear
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Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…
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Numerical implementation of the 3NF at N3LO and applica-
tions to few-/many-N systems are is being carried out by the 



 Summary and outlook 
Nonperturbative renormalization with nonperturbative 1π-exchange
It is possible to completely eliminate Λ using relativistic equations (e.g. Kady-
shevsky) assuming that 2π exchange can be treated in perturbation theory
Promising results for phase shifts, deuteron FFs and χ-extrapolations at LO

New NN chiral potentials about to emerge
A new generation of chiral NN potentials up to N3LO is being developed: !
       local-chiral (up to N2LO): local interactions, can be used in QMC!
       improved-chiral (up to N3LO): nonlocal potentials!
Common features: better performance at higher energies, less sensitivity to 
cutoffs, no need for SFR, can use ci’s from πN. 

3N force
A complicated object: 20 independent structures even in local case 
Worked out up to N3LO level (parameter-free), first results are emerging
Still not converged at this order (certain Δ effects are missing) 
Long-range terms worked out at N4LO and N3LO-Δ: signs of convergence… 

Future plans: higher orders (TPE), generalization to SU(3)

Future plans: sensitivity to ci’s, extension to Δ-full theory

Future plans: Nd scattering & nuclear structure at N3LO and beyond





 l-chiral 2NF: Order-by-order improvement
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Figure 1: S- and P-wave phase shifts at LO (dotted black line), NLO (dashed blue line) and
N2LO (red solid line). In all cases, R0 = 1 fm and �SFR = 2 GeV.
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Figure 2: D-waves and the mixing angles �1 and �2 at LO (dotted black line), NLO (dashed
blue line) and N2LO (red solid line). In all cases, R0 = 1 fm and �SFR = 2 GeV.
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order of the chiral expansion

The cutoff Λ should not be chosen too large (spurious bound states, nonlinearities, 
nonrenormalizable theory) Lepage’97, EE., Meißner ’06, EE, Gegelia ’09. On the other hand, 
smaller values of Λ introduce unnecessary errors. !

Typical choice: Λ = 450...600 MeV [N3LO potentials by EGM, EM]

 Regularization of the chiral NN potentials 
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Claim: while the above nonlocal regulator simplifies the determination of the LECs, 
it cuts off some model-independent long-range physics one would like to keep and 
leaves some model-dependent short-range physics one would like to cut off... !
Given that                               is local, local regulator will do a better job! 
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Standard, nonlocal regularization

Partial-wave decomposition:

Regulator affects all partial waves at high momenta independently on 
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 Regularization of the chiral NN potentials 
Peripheral NN scattering as a long-range filter: insensitive to short-range physics 
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Standard, nonlocal regularization

Partial-wave decomposition:
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Local regularization
or, alternatively,  
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Partial-wave matrix elements in momentum space:

becomes insensitive to F for high 
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 Construction of the potential (published local version)

Long-range: Short-range: 
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Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;   more details in the talk by Ingo



 Construction of the potential (published local version)

Long-range: Short-range: 

⌅p�,��|V reg
1⇥ |p,�⇧ = ⌅p�,��|V1⇥|p,�⇧ F

�
p0

� ,
p
�

⇥

V reg
1⇥ (⇤q ) = V1⇥(⇤q ) F

�
p0

� ,
p
�

⇥

V reg
1⇥ (⇤q ) = V1⇥(⇤q ) F

�
q
�

⇥
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�p02�p2

�2

V1⇥(⇤q ) = � g2A
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(⇤q · ⇤⇥1)(⇤q · ⇤⇥2)

⇤q 2 +M2
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� ,
p0

�
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⇤
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�r)
⌅
V �0�
1⇥ (r)F (r/R0)

⇧
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�, ��

l, l�
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1⇥ (⇤q ) = V1⇥(⇤q )
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4F 2
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V NNLO
long (⇤q ) = V (0)

1⇥ (⇤q ) + V (2)
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2⇥ (⇤q ) (1)
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There are 9 isospin-concerving contact terms whose choice is not unique. Standard:
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One can choose instead a local basis: 
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Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;   more details in the talk by Ingo



 Construction of the potential (published local version)

Long-range: Short-range: 
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Drei-Nukleon-Kraft Vier-Nukleon-Kraft
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft
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There are 9 isospin-concerving contact terms whose choice is not unique. Standard:
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One can choose instead a local basis: 
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V NNLO
long (⇧q ) = V (0)

cont + V (2)
cont (1)

⇧⇧p 0|V NNLO |⇧p ⌃ =
⇧
V (0)
1� + V (2)

2� + V (3)
2� + V (0)

cont + V (2)
cont

⌃
exp

⇤�p04 � p4

�4

⌅
(2)

⇧⇧p 0|V NNLO |⇧p ⌃ =
⇧
V (0)
1� + V (2)

2� + V (3)
2� + V (0)

cont + V (2)
cont

⌃
e

�p04�p4

�4 (3)

⇧⇧p 0|V NNLO |⇧p ⌃ =
⇧
V (0)
1� + V (2)

2� + V (3)
2� + V (0)

cont + V (2)
cont

⌃
e

�
�(p�4+p4)/⇥4

⇥

(4)

c�i , d
�
i , . . .

�,⇤, . . .

�
⌅a�1

s /⌅M�

⇥

Mphys
�

�
⌅a�1

t /⌅M�

⇥

Mphys
�

� ⇤ ⌅

2

where

The LECs are determined from NN S-, P-waves and the mixing angle ε1

Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;   more details in the talk by Ingo



 Error budget: local vs nonlocal regulators
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Absolute errors in S- and P-wave phase shifts at N2LO

Elab=10 MeV Elab=100 MeV

Elab=200 MeV Elab=300 MeV

local: !
R0=1 fm, 

ΛSFR=1.4 GeV

nonlocal: !
Λ=550 MeV, !
ΛSFR=800 MeV
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Ordering of partial waves:  1S0, 3S1, 1P1, 3P0, 3P1, 3P2


