
In-medium SRG for Nuclei
S.K. Bogner (NSCL/MSU)

K. Tsukiyama H. Hergert

A. Schwenk M. Hjorth-Jensen 
S. Reimann



Happy Birthday James. You were right in spite of 
what Gerry said!



The nuclear many-body landscape

Increasing Dimension of the problem

Calculate the properties of thousands of strongly-
interacting nuclei rooted in the underlying QCD
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Some Challenges:
1) Extend the reach of ab-initio   

2) role of three-nucleon (and higher?) interactions

3) controlled theory of shell model Hamiltonians/operators
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low and high k modes strongly coupled

Complications: strong correlations, non-perturbative, 
poorly convergent basis expansions, ...

Scale-dependent sources of non-perturbative physics



Λ0

Λ1

Λ2

k’

k

λ0 λ1 λ2

k’

k

6

2 Types of Renormalization Group Transformations

“Vlow k” “Similarity RG”

Same consequences despite differences in appearance
(Decoupling)
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The Similarity Renormalization Group
Wegner, Glazek and Wilson

dH�

d⇥
= [�(⇥), H�] with �(⇥) � dU(⇥)

d⇥
U†(⇥)

�(⇥) = [G�, H�]

Unitary transformation via flow equations:

 Engineer η to do different things as λ => 0 � � s�1/4

G� = T ⇥ H� driven towards diagonal in k� space

G� = PH�P + QH�Q ⇥ H� driven to block�diagonal
.
.
.
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SRG evolved NN interactions with η = [T,H] 

λ = 10.0 fm-1 
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λ = 2.0 fm-1 

SRG evolved NN interactions with η = [T,H] 
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Simplifications at low resolutions
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Free space versus in-medium evolution  

Free space SRG:  V(λ)2N  fixed in 2N system
                             V(λ)3N   fixed in 3N system

                       
                       

                           V(λ)aN   fixed in aN system

Use T + V(λ)2N  + V(λ)3N + ... + V(λ)aN in A-body system

In-medium SRG:   
evolution done at finite density (i.e., directly in A-body system). 

Different mass regions => different SRG evolutions 

inconvenience outweighed (?) by simplifications allowed by normal-
ordering



⇥�|N(· · · )|�⇤ = 0
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Normal Ordered Hamiltonians
Pick a reference state Φ (e.g., HF) and apply Wick’s theorem

to 2nd-quantized Hamiltonian
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Normal Ordered Hamiltonians

 0-, 1-, 2-body terms contain some 3NF effects thru
density dependence => Efficient truncation scheme 

for evolution of 3N (See R. Roth’s talk)

Normal-order w.r.t. some reference state Φ (e.g., HF) :
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Normal Ordered Hamiltonians

 0-, 1-, 2-body terms contain some 3NF effects thru
density dependence => Efficient truncation scheme 

for evolution of 3N? (See R. Roth’s talk) 

Normal-order w.r.t. some reference state Φ (e.g., HF) :



lim
s�⇥

�od(s) = 0

�12|�od|34⇥ = 0 if f12 = f34

dH(s)
ds

= [�(s), H(s)]

Evac(⇥) � Egs

fk(⇥) � �k (fully dressed s.p.e.)
�d(⇥) � f(k�, k) (Landau q.p. interaction)

H(�) = Evac(�) +
�

fi(�)N(a†iai) +
1
4

�
[�d(�)]ijklN(a†ia

†
jalak)

� = [f̂ , �̂]
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In-medium SRG for Nuclear matter
• Normal order H w.r.t. non-int. fermi sea

•  Choose SRG generator to eliminate “off-diagonal” pieces 

•  Truncate to 2-body normal-ordered operators “IM-SRG(2)”

Microscopic realization of SM ideas: dominant MF + weak A-dependent NNeff
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In-medium SRG Equations Infinite Matter

0-body flow

1-body flow

interference of 2p1h 2h1p
self-energy terms
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In-medium SRG Equations Infinite Matter

2-body flow

Note the interference between s, t, u channels a-la Parquet theory
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+  many more ...
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Weak cutoff dependence over large range => dominant 3,4,...-body
terms evolved implicitly



In-medium SRG for closed-shell nuclei (g.s.)

SRG

Γod	  =	  Γpp’hh’+	  h.c
fod	  	  =	  fph	  +	  h.c.



Choice of Generator



Resummation of correlations into zeroth order E0 

K. Tsukiyama, SKB, A. Schwenk, PRL 106 (2011).



Resummation of correlations into zeroth order E0 



- good agreement with CCSD(T) 
- N6 scaling with number of s.p. orbitals

IM-SRG to diagonalize many-body problems



H. Hergert et al., PRC 87 (2013)

Using free-space SRG NN + NNN(induced) input



H. Hergert et al., PRC 87 (2013)



Importance of initial NNN forces

H. Hergert et al., PRC 87 (2013)



Application to Quantum Dots

Curiosity:  higher accuracy than CCSD (both n6 methods)



IM-SRG for open-shell nuclei

H. Hergert et al., arXiv:1302.7294



ϵF

In-medium SRG for open shell nuclei (Shell model)

active valence orbitals vi

inactive particle orbitals qi

inactive hole orbitals hi

Decouple valence orbitals and diagonalize: 

PHeffP | i = (E � Ec)P | i

Previously, Heff from MBPT and
empirical corrections

Can we use the IM-SRG to do this?



In-medium SRG recipe for shell model

1) Identify all terms in H that don’t annihilate model-space states

Ôi

�
v†1 . . . v

†
Nv

|�i
�
6= 0

2) Solve flow equations dH

ds
= [⌘, H]

⌘ = [H(od), H]

H(od) =
X

g
i

Ô
i

3) Diagonalize fully-evolved H in the reduced valence space

PH(1)P | i = (E � Ec)P | i
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Summary
• RG methods can simplify many-body calculations 

immensely provided that induced many-body operators 
are under control

• In-medium evolution + truncations based on normal-
ordering => simple way to evolve dominant induced 3, 
4, ...A-body interactions with 2-body machinery

• Can be used as ab-initio method in and of itself, or to 
construct soft interactions for other ab-initio methods

• Extensions to shell model Heff/Oeff look promising. 
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Example: Perturbative content of SRG

• Solve SRG eqn’s to 2nd-order the bare coupling

As s increases, contributions shuffled from correlation energy into
The non-interacting VEV contribution (I.e., Hartree-Fock)

Microscopic connection to shell model? 
(MF + “weak” A-dependent residual NN interaction) 


